RATIONAL CHEREDNIK ALGEBRAS AND HILBERT SCHEMES II: 
REPRESENTATIONS AND SHEAVES 



I. GORDON AND J. T. STAFFORD 

Abstract. Let He be the rational Cherednik algebra of type An—i with spherical subalgebra Uc = eHce. 
Then Uc is filtered by order of differential operators with associated graded ring grUc = C[f)ffi f)*]^, where 
W is the n-th symmetric group. Using the Z-algebra construction from [GS] it is also possible to associate 
to a filtered He- or (7c-module A/ a coherent sheaf <3?(M) on the Hilbert scheme Hilb(n). 

Using this technique, we study the representation theory of Uc and He, and relate it to Hilb(n) and to 
the resolution of singularities t : Hilb(n) ^ f) © f)*/VK. For example, we prove: 

• If c = 1/ra, so that Lc(triv) is the unique one-dimensional simple //c-module, then <l?(eLc(triv)) = Oz^, 
where Zn = t~^(0) is the punctual Hilbert scheme. 

• Ifc=l/n + A; for fe G N then, under a canonical filtration on the finite dimensional module Lc{triv), 
greLc(triv) has a natural bigradcd structure which coincides with that on H''(Zn,£'°), where C = 
CHilb{n)(l); this confirms conjectures of Berest, Etingof and Ginzburg. 

• Under mild restrictions on c, the characteristic cycle of <3?(eAc(^)) equals ^fjA[-^A]i where K^x 
are Kostka numbers and the Zx are (known) irreducible components of r^^(fj/VK). 
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1. Introduction 

1.1. Let c e C. We assume throughout the paper that c ^ 5 + Z and, for simplicity, we will also assume in 
this introduction that c ^ Q<o- The aim of this paper is to study the representation theory of the rational 
Cherednik algebra of type denoted He, and its spherical subalgebra Uc = eHcC and to relate He- and 
f/c-modules to sheaves over the Hilbert scheme of points in the plane. 

Glimpses of such a connection appear in [G2] and [BEG2] where it is shown that finite dimensional Hc- 
and ?7c-modules deform the sections of some remarkable sheaves on Hilb(n). A more formal relationship 
is provided by the main theorem from the companion paper [GS]. In order to describe that result recall 
that both He and Uc can be filtered by degree of differential operators with associated graded rings gr He = 
C [[)©[}*]* W and grUc = C[i) ® t)*]^ , where f) C C" is the reflection representation of the n*^ symmetric 
group W; one can therefore regard Uc as a deformation of C[f) ® f)*]'^. The theorem below provides a second 
way of passing to associated graded objects which shows that Uc can also be regarded as a noncommutative 
deformation of a homogeneous coordinate ring of the Hilbert scheme Hilb(n) (this scheme provides a crepant 
resolution r : Hilb(n) ^ P) ^*/W). 

1.2. Theorem. [GS, Theorem 1.4] There exists a filtered Z-algebra B such that 

(1) Uc-mod, the category of finitely generated Uc-modules, is equivalent to B-qgr, the quotient category 
of finitely generated graded B -modules modulo those of finite length; 

(2) giB, the associated graded ring of B, is isomorphic to (the Z-algebra associated with) the homoge- 
neous coordinate ring 0^>QH°(Hilb(n),£'') for a certain ample line bundle C on Hilb(n). 

The construction of B is described in more detail in Subsection 3.5. In brief B = 0j>j>Q Bij, where Bij 
is the {Uc+i, [/c+i)-bimodule that provides a Morita equivalence between Uc+i and Uc+j, and multiplication 
in B is given in matrix fashion: BijBjk C Bik, but BijB^k = if j ^ One should regard B as being a 
little like a Rees ring, but in a situation where one may not have any proper ideals. Each B^j is flltered by 
order of differential operators, which induces the desired filtration B = \J ord" B on B. 

1.3. Theorem 1.2 provides the following recipe for passing from a left C/c-modulc M with a good filtration 
A to a coherent sheaf $(M) = ^\{M) on Hilb(n). Each M{k) = Bko (E)Uc ^ has an induced tensor product 
filtration A defined by A"M(fc) = J2i<n Bko O A"-'M. This induces a filtration on M = B ® M, 
again written A, whose associated graded object gr^ M is a finitely generated gr B-module. Finally, by the 
theorem, gr^ M corresponds to a coherent sheaf <f>(Af) on Hilb(n). 

This also works for any filtered i7c-modulc {N, T): use the induced tensor product filtration A on eHc®H^N 
to construct a sheaf $(iV) = ^^{eHc ® N) on Hilb(n). Under our hypotheses on c, tensoring with eHc gives 
a Morita equivalence between He and Uc [GS, Theorem 3.3], so $ is really the same construction as 

The basic technique of this paper is to exploit the functors $ and $ to better understand the representation 
theory of Uc and He- 
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1.4. This works particularly well for Oc, the category of finitely generated -ffc-modules on which C[f)*] acts 
locally nilpotently. The basic building blocks here are the standard modules Ac(/u), where fj, G Irrep(VF) is an 
irreducible representation of W. These are analogues of Verma modules over a simple complex Lie algebra; 
in particular Ac(/i) = C[^] (g) /U as left C[^]-modules. It follows from this that, for any good filtration A on 
eAc(/x), the associated variety V(anngr(7^(gr^ eAc(/x))) = i)/W Cl)(B i)*/W is independent of fj,. 

An interesting phenomenon occurs if we follow the procedure of (1.3) since the characteristic variety 
V(ann(gr^ eAc(/i))) of eAc(/i) is a subvariety of Hilb(n) that does depend upon fj,. We will state the result 
using a finer invariant called the characteristic cycle, Ch(Ac(/i)), which counts the irreducible components 
of the characteristic variety of $(Ac(/u)) in Hilb(n) with multiplicities (see (2.7) for the formal definition). 

Theorem. (Theorem 6.7) Let Ac(/x) be the standard Hc-module corresponding to ^ G lrrep{W). Then 

Ch(Ae(/x))=^i^^A[^A], 
A 

where are Kosika numbers as defined in (3.11) and the Z\'s are the irreducible components of Z = 
T~^{i)/W) described in (6.4). 

When n = 2 and c = 1/2 an easy direct proof of this and other theorems is given in (6.12-6.14) which 
the reader may like to use as an introduction to the results of this paper. 

1.5. The above theorem illustrates a fact that will appear repeatedly in this paper: important modules M 
over He or Uc correspond naturally to important sheaves and combinatorial data on Hilb(n). 

One reason why Theorem 1.2 and the functors $ and $ provide a bridge between Hilbert schemes and 
Cherednik algebras is that the construction of B carries key elements from both theories. For instance, the 
shift functors {Bj+ij — ) are fundamental to the theory of Cherednik algebras; they are also the analogue 
of the endo-functor (£ (g) — ) in Coh(Hilb(n)): given a f/c-module M with a good filtration A, we show that 
jC $a(M) = $r(-Bc+i,c M) for the appropriate filtration F (see Lemma 4.4). As Proposition 1.7 and 
Theorem 1.8 illustrate, this is important since it enables one to study whole families of modules simultane- 
ously. 

1.6. A consequence of Theorem 1.4 is that the Grothendieck group K{Oc) is naturally isomorphic to the 
top degree Borel-Moore homology group H2n-2{Z,C) (see Corollary 6.10). If [GGOR, Remark 5.17] is 
confirmed,^ this can be considerably refined: the characteristic cycles of the simple modules in Oc give a 
canonical basis of H2n-2{Z,C) which corresponds to Leclerc and Thibon's lower canonical basis of the ring 
of symmetric functions. The details can be found in Subsection 6.11. 



This has been announced recently by Rouquier. 
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1.7. The category Oc also includes the finite dimensional iJc-modules: they occur precisely when c = r/n 
for some r € N with (r, n) = 1. In such a case He has a unique finite dimensional simple module Lc(triv) (see 
(5.2) for the notation) and every finite dimensional He-module is a direct sum of copies of Lc(triv). We note 
that Li/„(triv) is one-dimensional and, by [GS, Proposition 3.16], that eifc+i/„(triv) = Bko^Ui/n 6-^i/n(ti'iv), 
for k€N. 

Proposition. (Proposition 5.4) Give Li/n{triv) the trivial filtration A° = Li/n{triv). Then ^{Li/n{triv)) = 
Oz„, where Zn = t~^{0) is the punctual Hilbert scheme. 

1.8. Let c — k + 1/n and give eLc(triv) = Bko <E) eLi/„(triv) the tensor product filtration induced from the 
trivial filtration on el/i/„(triv). Then greLc(triv) and (under an analogous filtration) grLc(triv) are bigraded: 
one component of this grading is induced from the Euler grading on difi^erential operators; the other comes 
from the fact that we have taken an associated graded module. Similarly, $(ic(triv)) is a (C*)^-equivariant 
sheaf on Hilb(n). Using Proposition 1.7 we are able to identify this sheaf, and we can then describe the 
corresponding bigraded characters of gr L(,(triv) and gr e_Lc(triv). Modulo a technical change in the filtrations, 
this gives the following result, the first part of which confirms conjectures of Berest, Etingof and Ginzburg, 
[BEG2, Conjectures 7.2 and 7.3]. 

Theorem. (Theorem 5.11 and (5.12)) Let c = k + l/n for some fc e N. Then there are natural filtrations A 
on eLc{triv) and Lc{triv) such that 

(1) there are bigraded isomorphisms gr^y Lc{triv) = H°(Z„,'P (g) jC''~^) and gr^y eLc{triv) = H'^(Zn,£'^); 

(2) under this bigrading, gVj^eLc{tnv) has Poincare series equal to the {t,q)- Catalan-like number defined 
by [GHl, (3.26)]. 

1.9. A further example of an i7c-module corresponding to an important sheaf is given by the module He 
itself. Under the order filtration ord of differential operators, Theorem 4.5 shows that $ord(-ffc) — V , the 
Procesi bundle on Hilb(n). This is a remarkable rank n! bundle that arises from Haiman's isospectral Hilbert 
scheme. See (3.7) or [Ha2] for more details. 

1.10. There is a second construction that produces a coherent sheaf on Hilb(n) from an He-module N with 
a good filtration F, and which provides a potential connection between our Z-algebra construction and the 
Fourier-Mukai equivalences of Bridgeland-King-Reid. The construction is described as follows. Theorems 
of Bridgeland-King-Reid and Haiman provide an equivalence of categories -D(C[f) ® f)*] * W) ^ -D(Hilb(n)) 
from the boimded derived category of finitely generated C[f) © ()*] * VF-modules to that of coherent sheaves 
on Hilb(n). Applying this equivalence to the finitely generated C[l) © ()*] * VU-module grp iV, regarded as 
a complex concentrated in degree zero, gives a bounded complex 4'(7V) = ^'r(A/') of coherent sheaves on 
Hilb(n). 

In all the examples we have calculated, the complex '^/{N) is quasi-isomorphic to ^{N). We ask whether 
this is true in general; we are only able to show that there is a surjective mapping from the zeroth cohomology 
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sheaf ^'^{N) onto ^{N), see Proposition 4.11. If this question had a positive answer it would imply that all 
higher cohomology of V* ^{N) must vanish. A vanishing theorem in this spirit, which has consequences 
for symmetric function theory, has been proposed in [Ha3, Conjecture 3.2], see (4.12). 

1.11. Our final application is an analogue of the Conze embedding [Co] for Uc- The Dunkl-Chercdnik map 
[EG, Proposition 4.5] provides an inclusion Uc ^ e{D{t)'^°^) * W)e ^ D{t)'^°^)^ and it is straightforward to 
see that this actually embeds Uc into the Weyl algebra D{^/W). Our analogue of the Conze embedding 
gives a precise description of the t/g-module structure of this algebra: 

Proposition. (Proposition 8.5) Under the natural identifications, D{i)/W) = Ufe>o-^feO' where the S^q = 
Homi7^(Sfeo, C^c) o-re projective left Uc-modules. Thus D{i)/W) is a flat left Uc-module. 

Once again, this corresponds to a fact about Hilbert schemes: in this case it is the result from [Hal, 
Section 2] that shows that the subset ?7(in) of Hilb(n) is isomorphic to the affine space A^"~^. 

1.12. Plan. The paper is organised as follows. In Section 2 we study filtered Z-algebras and their modules 
and show that classical facts concerning characteristic varieties and characteristic cycles for filtered noetherian 
algebras do generalise to Z-algebras. Section 3 provides some background material while Section 4 sees the 
construction of the functors $ and $ and a discussion of their relationship to the equivalences of Bridgeland- 
King-Reid. In Section 5 we study the effect of $ and $ on the finite dimensional simple Uc- and _ffc-modulcs, 
in particular using this to determine their bigradcd characters. Our results on characteristic cycles for Oc 
are presented in Section 6, whilst analogous results for Harish-Chandra modules are proved in Section 7 and 
the Conze embedding is constructed in Section 8. 

2. Graded and filtered modules for Z-algebras 

2.1. Throughout this paper a Z-algebra will mean a lower triangular "L-algehra. By definition, this is a 
(non-unital) algebra B = ®j>j>g Bij, where multiplication is defined in matrix fashion: BijBjk C Bik for 
* > i > > but Bij B Ik = if J 7^ ^. Although B cannot have a unit element, we do require that each 
subalgebra Ba has a imit element Ij such that libij = bij = bijlj, for all bij S Bij. 

Let B he a. Z-algebra. We define the category B-Grmod to be the category of N-graded left i?-modules 
M = 0.gf^Mi such that BijMj C for all i > j and BijMk = if fc ^ j. Homomorphisms are defined 
to be graded homomorphisms of degree zero. The subcategory of noetherian graded left _B-modules will be 
denoted B-grmod. In all examples considered in this paper B-grmod will consist precisely of the finitely 
generated graded left _B-modules. 

A module M e i?-Grmod is bounded if M„ = for all but finitely many n e Z and torsion if it is a 
direct limit of bounded modules. We denote the category of torsion modules by B-Tors. The corresponding 
subcategory of B-grmod is denoted B-tors; thus B-tors just consists of bounded, noetherian modules. Finally, 
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in order to obtain geometric categories, we construct the quotient categories -B-Qgr = B-Grmod/-B-Tors and 
B-qgr = B-grmod/B-tors. We write n{M) for the image in .B-Qgr of M S B-Grmod. 

2.2. We will be interested in two types of examples of Z-algebras. 

First, suppose that S = 0„>o Sn is a noetherian N-graded algebra. To S we associate a Z-algcbra 
^ = 0i>j>o '^ij setting Sij — Si-j with multiplication induced from that in S. Define categories 
S'-Grmod, . . . , S'-qgr in the usual manner. In particular, 5-Grmod denotes the category of Z-graded 5-modules, 
from which the other definitions follow as in the last paragraph. As explained in [GS, (5.3)] we have 
equivalences S-Qgr ~ S-Qgr and S'-qgr ~ -S-qgr. If S is commutative and generated as an ^o-algebra by 
Si, then 5-qgr and hence S-qgr are equivalent to CohProj(S'), the category of coherent sheaves on Proj(S') 
[EGA, Proposition 3.3.5]. 

Second, suppose that {i?„ : n e N} are Morita equivalent noetherian algebras, with the equivalence 
induced from the progenerative (i?„+i, i?„)-bimodules P„. Define = Pi-i®Ri_i<^ ■ ■ -(^Rj^^Pj+i^Rj+iPj 
and Rjj — Rj, for i > j > 0. The corresponding Z-algcbra Rz = ®i>j>o Rij will be called the Morita Z- 
algebra associated to the data P„ : n e N}. We again have a useful description of i?z-qgr. 

Lemma. [GS, Lemma 5.5] Let Rz be a Morita Z-algebra as above. Then 

(1) each finitely generated graded left Rz-module is noetherian; 

(2) the association cj) : M ^ ®nen ®Ro ^ induces an equivalence of categories Ro-mod Rz-qgr. 

2.3. Associated graded techniques. A number standard constructions for unital noetherian rings extend 
routinely to Z-algcbras: those that will be useful in this paper are the notions of associated graded modules 
and characteristic cycles. 

In order for filtrations of a Z-algcbra R to work properly, the filtrations on the various components Rij 
need to be compatible. The abstract requirements for this are quite lengthy and so we will assume that we 
are in the following special situation. 

(1) R = Rz = 0j>j>o -Rij ^■s ihe Morita Z-algebra associated to the data {Rn, Pn : n G N}. 

(2) Each Ri is a noetherian domain, and each Pi has rank one (on one side and therefore the other). 
As a result, we may identify each Rn+i = Endn^ (P„) with a subring of the quotient division ring, 
say D, of Rq. 

(3) There is a ring E (Z D containing each Ri and Pi such that E has an ascending N-filtration F^E 
with a commutative associated graded ring gvp E. 

The point of these assumptions is that we can take the induced filtrations {F^Rij] on the Rij and hence on 
R itself. It is then routine to check that this filtration is compatible with the ring structure of R and so we 
obtain an associated graded Z-algebra 

R- 

grpR= gTp Rij, where gr^ % = . 

i>j>0 neN 
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The final assumption that we will make is: 

(4) gip R = S, the Z-algebra associated to some finitely generated commutative graded domain S. 

Conditions (l)-(3) occur reasonably frequently. One case is given by taking the Ri = Uc+i (see (3.5)), 
but one can also take appropriate factor rings of the enveloping U{q) of a semisimple Lie algebra g, where 
the progenerators arise from translation functors (see, for example, [JS]). Condition (4) is more stringent, 
although Theorem 1.2(2) shows that it does apply when Ri = Uc+i- 

2.4. Keep hypotheses (l)-(3) of (2.3) and let M = IJAW be a filtered left i?o-module. Each module 
M{i) = Rio M is then filtered by the tensor product filtration 

(2.4.1) A'=M(z) = F^Rio ® A'=-^M. 

We therefore obtain an associated graded gr^ iJj-module gr^M(i) = A*^M(i)/A'^~^M(i). Summing over 
all i gives an associated graded gr^. i?-module gr^M = @gx^M{i) for the i?-module M = 0j£zAf(i). 
When Hypothesis 2.3(4) holds we can and will regard gr^ M as a graded S'-module. 

We say that A is a good filtration on M if gr^M is a finitely generated gr^- i?o-modulc. Similarly, a 
filtration A on M is good if gr^^M is a finitely generated gr^ i?-module. If m e A'M \ A*~^M, we write 
cr(m) = [m + A'~^M] e gr^y M for the principal symbol of m. 

2.5. Lemma. Keep Hypotheses (l)-(3) of (2.3) and let M he a left Ro-module. 

(1) If A is a good filtration on M then the induced filtration A on M is good. 

(2) Given two good filtrations A and T on M, there exists a positive integer t such that, for all n and k, 

A"M(A;) C r"+*M(fc) C A"+2*M(fc). 

(3) Assume that Hypothesis (2.3) (4) also holds and regard gT^M as an object in S-grmod. Define the 
associated radical ideal N = of M to be the radical ideal N = \fl of I = ann^ (gr^M). ThenN 
is independent of the choice of good filtration A. 

Proof. (1) Since the filtration A on M is good, we may pick generators rrii for M with S A-^'M \ A^'~^M 
such that the principal symbols a{mi) generate grj^M. Pick a free i?o-module G = 0i?ofl'i and filter G by 
putting gi in degree jf, thus G is filtered by $"G = 0(i^"~-''i?o).9f Then the natural surjection a : G ^ M 
given by gi rui is filtered surjective in the sense that, for each n, we have q($"G) = A"M. Equivalently, 
a induces a surjection gra : gr^G S^^aM. 

Now consider the induced map G{k) = Rko (^Rq G — ^ M{k). The tensor product filtration (2.4.1) on 
G{k) induces a surjection au : (f>"G(fc) A"M{k) for all n and k and hence a surjection of graded groups 
grafc : gr^G(fc) — » gr^M(A:). Since G is free, we have, for each n and k, 

$"G(fc) = J2 ^""'^feo ^'G = J2 F^'-'Rko ® {F^-''Ro)9t = ^(i^"-^'iifco) ® Qt- 



The filtration ^G{k) is therefore the natural filtration on the (weighted) direct sum of copies of Rko and so 
the associated graded module gr^ G is just the weighted sum E = 0^ S[jt]. Since gr\M is a homomorphic 
image of E, it is finitely generated. 

(2) By [KL, Corollary 6.12] the desired equation holds for k = 0. By (2.4.1) it then holds for each k, with 
the same value of t. 

(3) By using intermediary filtrations, as in [MR, Lemma 8.6.11], we may assume in part (2) that t = 1 
for A; = and hence for all k. As in the proof of [MR, Lemma 8.6.12], we then obtain short exact sequences 

(2.5.1) 0^ Z ^ gT^A(M) ^y->0 and O^Y ^ grr(^) 0, 

where Y = 0^ 0„ A"+iM(fc)/r"M(fc) and Z = 0^ 0„ r"M(fc)/A"M(fc). If J = anns(grrM), then it 
follows that PCJ and C 7. □ 

2.6. Definition. Keep the hypotheses of Lemma 2.5(3). Then N-^ is a graded ideal of S and we define the 
characteristic variety Char(M) of M to be the projective subvariety V(iVjj) of Proj(5') defined by N^. 
The lemma ensures that this subvariety is independent of the choice of good filtration A, and so it is an 
invariant of M. A second variety associated to M is 

Charo(M) = V(anngrijo(grA M)) C Spec(griio)- 

In order to avoid any possible confusion with Char M we will always call Charo M the associated variety of 
M, as it is sometimes termed in the literature. 

2.7. Characteristic cycles. In the classical situation of filtered noetherian rings it is often useful to refine 
the characteristic variety of a module to the characteristic cycle; see, for example, [Bj2, Remark 5.7]. As we 
show next, this also works for Z-algebras. 

Keep the hypotheses and notation of Lemma 2.5, and write MinM for the set of prime ideals minimal 
over the associated radical ideal N^. If P e MinM, we define nj^ p to be the length of the (necessarily 
finite length) Sp-module Mp. We note that if S^p^ = S[C~^]o, where C denotes the set of homogeneous 
elements in S \ P, then p also equals the length of the Sjpj-module grj^{M)S[C~^]o- The characteristic 
cycle Ch M is defined to be 

(2.7.1) ChM = Y^^nj^^pViP). 

MinM 

Clearly this is a finite sum with finite coefficients. By the next result it is also a well-defined notion. We 
remark that the more usual associated cycle of gr^^^ M will not be used in this paper and so there should be 
no confusion in our notation. 

Lemma. Keep the hypotheses (1 4) of (2.3) and let M be a left RQ-m,odule. Then the characteristic cycle 

Ch M is independent of the choice of the good filtration A used in its definition. 
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Proof. Suppose that the module M has two good filtrations A and T and, for the moment, write Ch\ M for 
the characteristic cycle of M induced from A. As in the proof of Lemma 2.5(3) we may assume that t = 1 
in the conclusion of part (2) of that lemma, and hence that we have the two short exact sequences (2.5.1). 
It follows immediately from those sequences that (gr^ M) p and (gr^ M) p have the same (finite) length for 



2.8. Assume that Rq satisfies hypotheses (1-4) of (2.3). We will need to understand how characteristic 
cycles relate to short exact sequences of iio-modules. In general one does not obtain additivity on such 
sequences since embedded primes cause problems — a standard example is given by the short exact sequence 
of C[x]-modules (x) C[x] — > C — > 0. The standard way around this is to only look at the components 
of the characteristic variety of maximal dimension and we do the same here. 

Thus, if M is a finitely generated filtered i?o-module, write Min'M for the subset of MinM consisting 
of those prime ideals P for which dimV(P) = dimV(A^j^) and let rChM be the corresponding restricted 
characteristic cycle: 



By Lemma 2.7 this too is well-defined. 

Lemma. Assume that Rq satisfies hypotheses (1-4) of (2.3) and ZeiO— >B-^C— >0 be a short exact 
sequence of finitely generated left Ro-modules. Then precisely one of the following cases occurs: 

(a) dimChar(A) < dimChar(B) = dimChar(C) and rChS = rChC; 

(b) dim Char (A) = dimChar(B) > dimChar(C) and rChB = rChA; 

(c) dim Char (yl) = dimChar(B) = dimChar(C) and rChS = rCh^ + rChC. 

Proof. Choose a good filtration T on B and give A and C the induced filtrations r*A = T^B n A and 

r*C = /9(r*_B). It is an easy and standard exercise to check that this induces a short exact sequence of gr Ro- 
modulcs and that the analogue of the lemma holds for the restricted characteristic cycles of those graded 
modules (see, for example, [Bj2, Formula 5.8]). Unfortunately the induced tensor product filtration on A, 
etc, need not be filtered exact and so one will not necessarily obtain a short exact sequence of associated 
graded modules. So the proof needs to be a little more involved. 

In order to simplify the notation, we want to assume that S is generated in degree one, which is easy to 
arrange. By [EGA. Lemmc 2.1.6(v) and Proposition 2.4.7(i)], some Veronese ring S'(") = Sin is generated 
by 5*0™ ■* = Sq and s[^^ = Sn while Proj(5') = Proj(S''-"-') for any such n. Thus if we pass to the Veronese 
Z-algebra i?^"^ = Rm,jn , with associated graded ring grp = S^"^ , then the associated cycle of 
<8iHo B will equal that of B. Thus we may assume that S is generated in degree one. 

Consider the induced short exact sequence 0—^A-^B-^C-^O. Give B the tensor product filtration 
F, which it is convenient to write as F. Give A the induced filtration F; thus F'"^(/c) = A{k) fl F'"i5(fc) for 



any P e MinM. In other words, ChA M = Chp M. 



□ 



(2.8.1) 




Min' M 
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all m, k. It is unnecessary to do this with C since, as in the proof of Lemma 2.5(1), T"^C{k) = (3{r™'B{k)) 
for all m, k. It is immediate that — > T'^A — > T"^B — > T™C — > is exact for each m and hence that the 
associated complex of graded modules 

(2.8.2) -» grp 1 grp B grr C ^ 
is exact. 

By Lemma 2.5(1), grpB is finitely generated and therefore, by Hypothesis 2.3(4), so is grj, A. Pick an 
integer t such that grp A is generated by 0j<t grp ^(i)- Define a new filtration A on A>t = ©j>t^(0 by 
defining A = f on A{t) and the tensor product filtration thereafter; thus K^A{i) = F^Rit <?> A(t), 
for i> t. The choice of t and the fact that S is generated in degree one ensures that 

grp A{m) = ^ Sm-j grf A{j) = Sm-t gfA M^)-, 

3<t 

for all m>t. Pulling this back to A>t gives 

v>0 

for any m > t and j > 0. In other words, A = F. 

Now consider characteristic cycles. Under the tensor product filtration grp B and grp B>t only difl^er in 
the first t terms and so in Proj(S') they have the same characteristic variety and restricted characteristic 
cycle. So we may work with i?>t. But now the choice of good filtration on A{t) is irrelevant, so we may 
choose the filtration A = F on A{t) and the original filtrations F = F on B{t) and C{t). By (2.8.2) we 
therefore obtain a short exact sequence 

(2.8.3) ^ gr^ A>t ^ grr B>t ^ grp C>t ^ 0, 

for which the restricted characteristic cycles of the three terms are rChA, respectively rChB and rChC 
It is now routine to see that the conclusion of the lemma is satisfied. Indeed, if P e Min'S, then 
localising (2.8.3) at P gives a short exact sequence of finite dimensional 5p-modules and so the dimensions 
add: p = p + p. □ 

3. Rational Cherednik algebras and Hilbert schemes 

In this section we collect some of the basic material we need concerning rational Cherednik algebras and 
Hilbert schemes. 

3.1. The rational Cherednik algebra of type A. Let W = ©„ be the symmetric group on n letters, 
regarded as the Weyl group of type A„_i acting on its (n — l)-dimensional reflection representation f) C C" 
by permutations. We will always identify ()* with its image in the coordinate ring C[t)] and we fix a basis 
{xi} of t)*. Let S = {s = with i < j} CW denote the reflections, with reflecting hyperplanes Ug = 0. 
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The polynomial 5 = Hses '^s ^ ^[W "^il^ be important, in part because l)'''^^ = f) \ {5 = 0} is the subset of f) 
on which the action of W is free. Notice that 6 transforms under W by the sign representation sign. 

Given a variety Z we will write D{Z) for the ring of differential operators on Z. Let D{i)'^^^) * W denote 
the skew group ring of D{t)'''^^) by W; thus, by definition, wf = 'w{f)w, for all / G D{t)'''^^) and w G W. For 
c e C the rational Cherednik algebra of type An-i is the C-subalgebra He of D{{)^^^) * W generated by the 
multiplication operators [)* C C[f)] = C[a;i, . . . ,Xn-i], the group algebra CW, and the Dunkl operators 

(3.1.1) yi = di-Y^cas{yi)a~^{l- s), wheie di = d/dxi. 

3.2. By [EG, Theorem 1.3] there is a Poincare-Birkhoff-Witt isomorphism of C- vector spaces 
(3.2.1) C[f)] ®c CVF ®c C[f)*] Fe, 

under which C[f)*] identifies with the subalgebra of He generated by t) = 0"Ji^ Cj/j. 

Equation 3.2.1 can be interpreted as follows. For any variety Z, one has a natural filtration on D{Z) by 
order of operators and this induces a filtration on D{i)'^^^) * W and its subalgebras by defining elements of 
W to have order zero. If is a subalgebra (or subset) of D{i)'^^^) * W, let ord" R denote the operators of 
order < n in R. The associated graded ring of R will be written ogr(ii) = 0ogr"(i?), where ogr"(ii) = 
ord"(i?)/ ord"~^(i?) and the resulting graded structure of ogr(ii) will be called the order or ogr gradation. 

If we filter H^ in this way, then (3.2.1) implies that ord° H^ = C[f)] * W, ord^ H^ = i) + ord° H^ and 
ord'ifc = (ord^ ifc)' for j > 1. Moreover, the associated graded ring ogr He = 0ogr"ifc is isomorphic to 
the skew group ring C[f) ® [)*] * W. 

3.3. The spherical subalgebra. Let e e CW be the trivial idcmpotcnt and e_ e CW be the sign idem- 
potent; thus e = 1^1 "'^ X^iiieVF ^ '^^'^ ~ 1^1 "'^ X^uievi/ sign(w)w. The spherical subalgebra of He is the 
algebra Uc = eHeC while the related algebra = e^HeC^ is called the anti- spherical subalgebra. By [BEG2, 
Proposition 4.1] these algebras are related through the identity 

(3.3.1) Ue = S-'^Ue+iS = eS-^He+iSe. 

3.4. By (3.3.1), eHc+iSe is an (C/c+i, C^c)-bimodule but the results of this paper require that it is also a 
progenerator on both sides. This fails for special values of c G (—1,0) (see [GS, Remarks 3.14]) and so 
throughout this paper we will need to make the following assumption: 

Hypothesis. Set C = {z : z = ^ where m,d G Z with 2 < d < n and z ^ Z}. Assume that c G C is such 
that c^5+Z. If c is a negative rational number assume further that c^C. 

Remarks. (1) If n = 2 and c G ^ +N, then all the results of this paper do also hold as stated. The reason is 
that [GS, Theorem 3.3] is easy to prove directly for Cherednik algebras of type Ai (see [GS, Remark 3.14(1)]) 

and this is the only place where the restriction c ^ ^ + Z is used. 
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(2) Using the identities He = H-c and Uc = UZ^ from [De, Section 2], analogues of the results in this 
paper do hold for cG C. The details are similar to the arguments of [GS, Corollary 3.13] and are left to the 
interested reader. 

3.5. Assume that c satisfies Hypothesis 3.4. Then [GS, Corollary 3.13] implies that the shift functors 

Sc ■ Uc-mod — > ?7c+i-mod : N eHc+i6e ^ 

and 

Sc ■ -ffc-mod — > Hc+i-mod : M i— > Hc+i6e 
are equivalences of categories. For i > j > set 

(3.5.1) Bjj{c) = Bjj = Uc+j and Bij{c) = Bij = {eHc+iSe){eHc+i-iSe) ■ ■ ■ (eHc+j+iSe), 

where the multiplication is taken in * W. Since each eHc+iSe is projective, multiplication gives a 

natural isomorphism 

(3.5.2) eHc+tSe 'S)u^^i-i eHc+i-i5e 'SiUc+i-2 ' ' ' '^u^+^+i eHc+j+iSe = B^j. 
As a result we have a Morita Z-algebra 

B = B{c) = Si,- 

associated to the data {Uc+i^ eHc+iSe; i e N}. By setting E = £)(t)™8) ,k w with the order filtration, we see 
that the requirements (1-3) of (2.3) are fulfilled. 

3.6. The Hilbert scheme. We next want to relate Uc and B to Hilbert schemes. Let Hilb'^C^ be the Hilbert 
scheme of n points on the plane, which we realise as the set of ideals of colength n in the polynomial ring 
C[C^]. If we identify the variety 5"C^ of unordered n-tuples of points in with the categorical quotient 
C^"/VF, then the map r : Hilb"C^ — > S^C^ which sends an ideal to its support (counted with multiplicity) 
is a resolution of singularities [Na, Theorem 1.15]. 

Consider the VF-equivariant map I) ® I)* ^ C^". To fix notation, let I) be the hypersurface z = 
in the first copy of C" and similarly let f)* be the hypersurface z* = in the second copy of C"; thus 
C[C2"] = C[f) e i)*][z,z*]. Define 

Hilb(n) =T-^{i)®t)*/W). 

In [Ha2, Ha3], Haiman proves a number of fundamental results about Hilb"C^. The analogous results for 
Hilb(n) will be needed in this paper but, by [GS, Lemma 4.9 and Corollary 4.10], they follow routinely from 
Haiman's work. In particular, f restricts to a crepant resolution of singularities r : Hilb(n) i) (B i)* /W. 
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3.7. Write A° = C[f) i)*]^ , J° = C[l) f)*] and set = C[i) i)*]''^" and = C[f) f)*]^^- For k > 1, 
define A'^ = (A^)'' and J*^ = (J^)'^ for the respective k^^ powers using multiplication in C[i) I)*]. Finally, 
write 

(3.7.1) A = ^A''S'' ^A°[A^St] and S = ^ J'^S'' ^ C[[) ® t)*][J^St] 

k>0 k>0 

for the corresponding Rees rings at the ideals A^S, respectively J^S. By [GS, Corollary 4.10], Hilb(n) = 
Proj(A). Moreover X„ = Proj(5) is the reduced fibre product 

Xn — > f) r 

(3.7.2) p| 

Hilb(n) — ^ t)0f)VW. 

and the map p is flat of degree n\. 

Associated to these objects we have three important vector bundles: the rank n tautological bundle B 
on Hilb(n) whose fibre above / e Hilb(n) is the n-dimensional vector space C[C^]/7; the Procesi bundle 

V = p*Ox„ of rank n\; and the line bundle C = A"B . By [Hal, Proposition 2.12] £ = Omih{n){^), the 
ample line bundle associated to the isomorphism Hilb(n) = Proj(^). 

3.8. The given definitions of A and S agree with those used in Section 6 of [GS], but not with those used 
in the earlier sections of that paper where the (isomorphic) rings A'^[A^t] and C[f) ()*][J^t] are used. The 
reason for caring about the distinction is that W acts on S via its natural action on C[f) f)*], and on 

V = p*Ox„ by the permutation action on X„. By [GS, (4.6) and Corollary 4.10] the induced actions agree 
under our chosen action: 

(3.8.1) H°(Hilb(n), 7? O C^) ^ J'^S'^ as ^-representations. 

In contrast, W acts on 6 with the sign representation and so acts on J'' by sign®'' [GS, loc.cit.j. 

3.9. Let A = 0j>j>o A'-^6'-^ be the Z-algebra associated to A as in (2.2). By [GS, Theorem 6.4(2)] 
(3.9.1) ogrB = eAe^A 

whenever c satisfies Hypothesis 3.4. Hence requirement (4) of (2.3) is also satisfied. Combined with (3.5) 
this implies that: 

//c e C satisfies Hypothesis 3.4, then Theorem 1.2 holds for Uc and, moreover, we can apply all the 
results from Section 2. 
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3.10. Partitions. We will use the same conventions for partitions and T4^-representations as was used in 
[GS]. Thus Irrep(M^) denotes the set of irreducible representations of W, up to isomorphism. These irre- 
ducible representations will be parametrised by partitions /U = (/xi > 1-12 > ■ ■ ■ > l-ie > of n, where the 
understanding is that /i, = for i > £. The Ferrers diagram of /x is the set of lattice points 

d{^i) = {{i,j) e N X N : i < m+i}. 

Following the French style, the diagram is drawn with the i-axis vertical and the j-axis horizontal, so the 
parts of /i arc the lengths of the rows, and (0, 0) is the lower left corner. The arm a{x) and the leg l{x) 
of a point x E d(p) denote the number of points strictly to the right of x and above x, respectively. See 
[GS, (2.6.1)] for a typical example. The transpose partition f/ is obtained from n by reflecting the Ferrers 
diagram about the line y = x, in other words exchanging the rows and columns of 11. 

The partition statistic of a partition n is n{fi) — J2i t^ii^ " 1)- We will always use the dominance ordering 
of partitions as in, for example [Mac, p. 7]; thus if A and /i are partitions of n then A > /x if and only if 
J2i=i^i — Mi foi' all A: > 1. Thus, as in [Mac, Example 1, p. 116], the trivial representation triv is 

labelled by (n) while the sign representation sign is parametrised by (1") and so triv > sign. 

3.11. For a pair of partitions /i, A let Kij,\{t,s) be the Kostka-Macdonald coefficients defined in [Mac, VI, 
(8.11)]. Their specialisations yield the classical Kostka numbers K^x = Knx{0,l). By definition, these 
numbers give the transition matrix between the bases of the ring of symmetric functions given by the Schur 
functions, s^, and by the monomial symmetric functions, m^; thus = X^;^|-„ -^/liA^A- By [Mac, I, (6.5)], 

= 1 and K^x = unless ii>\. 

3.12. The punctual Hilbert scheme. Let e S^€? be the zero orbit. The punctual Hilbert scheme, Zn, 
is defined to be t-1(0), the fibre of the resolution f : Hilb^C^ ^"C^ above 0. By [Hal, Proposition 2.10] 
Z„ is reduced. Since e f) ® i)*/W we also have Zn = t-1(0). Let m = C[f) © l)*]^ < C[() © i)*]^ be the 
maximal ideal corresponding to 0. Since Hilb(n) = Proj^, we have Zn = Proj(A/ylm). 

Lemma. Let V and L he the bundles defined in (3.7) . Then, for all k>0, there is a vector space isomorphism 
H°(Zn, jC'') = A'^S'^ /A'^S'^m and a W-equivariant isomorphism of vector spaces 

(3.12.1) H°(Z„, V(^d')^ J^5^/J^5^m. 

Proof. Once we set up the notation, this is an easy consequence of [Ha3, Theorem 2.2]. We first prove 
(3.12.1). Let T'l, Bi and Ci = A"'^i denote the vector bundles on Hilb"C^ analogous to V, B and C on 
Hilb(n), as in [GS, (4.5)]. By construction, the restriction of Vi (respectively Ci) to Zn equals the restriction 
of V (respectively £). Set I = kn and define R{n,l) = BP {B.i\V€? ,Vi ® B{), where B{ = Bf. Finally, let 
W'' C &e act on Bi by permutations. 

Let rrii < C[C^"] be the maximal ideal corresponding to 0. It follows from [IIa3, Theorem 2.2] that 
R{n, i) / R{n, i)mi = 11° (Zn, Pi ® Sf) while, by definition, if Ck denotes the sign representation of W'^ then 
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£i = {BiY''. As the action of W'^ is trivial on Vi, we therefore obtain 

H°(Z„, 7^ = H°(Z„, Pi ® £t) = H"(Z„, (Pi ® BiY") = H°(Z„, Pi O Bif" = R{n, iy-fRin, ey-m^. 

By [GS, Lemma 4.9(1) and (4.6.2)] R{n,£Y>' /R{n,£Y''m^ ^ J^d^/J^S^m W^-equivariantly. Combined with 
the last display, this proves (3.12.1). 

By [GS, Lemmas 4.4(1) and 4.9(1)], A^5'^ equals the triv-isotypic component oiJ^5^ , while C'Hiib(n) = . 
Substituting these observations into (3.12.1) gives 

H°(Z„, £'=) S H°(Z„, {V <S) £*=))^ = A''8''/A''8''m, 

as required. □ 

3.13. Torus action. In Section 5 we will need two refinements on Lemma 3.12: first that the isomor- 
phisms are bigraded under the appropriate torus action and second that we can determine the dimensions of 
H°(Zn, Z:*^) and HO(Zn, V ® C"). Both results are implicit in Haiman' s papers, but take a while to explain. 

We begin with the torus action. The torus = (C*)^ acts linearly on as the group of diagonal matrices 
of the form Tg.t — diagj.s^-'-, t^-"-}; thus, as in [Ha3, (12)], acts on C[C^] — C[x, y] by Tg^ix = sx, Tg^iy = ty. 
This induces a T^-action on ^"C^ and Hilb^C^; furthermore, since f) ® f)* /W C ^"C^ is T^-stablc, there is 
an induced T^-action on Hilb(n). This action further restricts to the punctual Hilbert scheme Zn since the 
zero orbit in f} ® t}*/!-!-^ is invariant under T^. 

As in [Ha3, Section 2, p. 377], there is an induced T^-equivariant structure on the tautological bundle B 
and on the Procesi bimdle V arising from the action of on C[C^], respectively C[l) ® 1)*]. Consequently, 
£ = A"B is also a T^-equi variant sheaf. Analogously, the vector bundles ;Bi,Pi,£i over Hilb"C^ introduced 
in the proof of Lemma 3.12 have natural T^-equivariant structures. 

Of course, one also obtains induced actions of on the sections of each of these bundles. This action can 
be equivalently described by a Z^-grading: an element / is homogeneous of weight if r^.tf = s''P f. If 
M = J NP^ is a bigraded decomposition of a module M arising from such a T^-action, then the Poincare 
series of M is the Laurent series p{M, s, t) ~ ^ s'^P dimM*-' . The reader should note that the variables s 
and t appear in the opposite order in [Ha3, (46)]. 

3.14. The action of on C[[)® t)*] also induces a bigrading on A'^ and J'^ and the element S is bihomogeneous 
for this action with weight {N, 0), where N = n{n — l)/2. We have the following refinement of Lemma 3.12. 

Corollary. The isomorphisms of Lemma 3.12 restrict to identifications of bigraded components 
H°(Zn,£'=)^^^(^) and HO(Z„,P^£Y^^(;^) • 

Proof. Set £ = nk, for some k, and let J'^ denote the Cp^"] analogue of J^ as in [GS, (4.3)] . By [GS, 
(4.6.1)], there is an isomorphism 

(3.14.1) t ^ R{n,iy'' ^ H"(Hilb"C2,Pi ® £j). 
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We claim that (3.14.1) is T^-equivariant. For the second isomorphism this is just [Ha3, (69)]. Note, here, that 
the extra variables a, and bj used in the definition of R{n,i) in [HaS, (17)] have bidegree (1, 0), respectively 
(0, 1). The first isomorphism in (3.14.1) is constructed explicitly in the third paragraph of the proof of [Ha2, 
Proposition 4.11.1] and is clearly T^-equivariant, as claimed. 

As in the proof of Lemma 3.12, J'^/J^xn = j'=/J*^mi ^ H°(Zn, V O C") and, by (3.14.1), this isomorphism 
is T^-equivariant. Since 5 is bihomogeneous of degree {N,0), this proves the second isomorphism of the 
lemma. As in the proof of Lemma 3.12, the first equation follows by taking VF-fixed points. □ 

3.15. For the next result we need some notation. By [HaS, Proposition 3.1] the T^-fixed points on Hilb(n) 
are labelled by partitions of n: to any partition r] we associate the monomial ideal 

(3.15.1) 7^ = C • {x-y^ : (r, s) i d{ri)} < C[x, y], 

regarded as a point of Hilb(n). We also recall that the Catalan number C^^ is defined to be 

Q{k) ^ 1 f{k + l)n 



kn + 1 ^ 

Lemma. For all k>l, we have dimHO(Zn, V ® C'''^) = {kn + 1)""! and dimH°(Z„, £*=) = dn\ 

Proof. As in the proof of Lemma 3.12, we may replace V and C by V\ and C\ and so, by [Ha3, Theorem 2.2], 
the hypothesis of [Hal, Theorem 2] is now valid. Thus, by [Hal, (1.7) and Theorem 2], and in the notation 
of that paper, dimHO(Z„, L'i) = Clt\l, 1) = C^^\ This proves the second formula. 

For a partition jj. of n, set 17(/x) = na:gd(^)(l - si+K^)t-«(^))(l - s-/(x)ii+a(x))^ .^j.ite 

E n and P^ = ^s"('')/^A4i,s-')dimA. 

We claim that H°(Z„, Vi ® has the Poincare series 

(3.15.2) p(H°(Z„,7'i ® £j-i),s,i) = ^P^s('=-iM'')#-W)(i _ s){l -t)Tl^B^n{fi)-\ 

ft 

We prove the claim by following the derivation of [Ha3, Theorem 3.2]. A locally free, T^-equivariant resolution 
V, — > Oz„ of ©Hiibnc^ -modules is given by [Ha3, Proposition 2.2]. Since C^'^ = (A" -Bi)®^^"^^ is a direct 
summandofBf"^''"^\ [Ha3, Theorem 2.2] shows that H'(Hilb"C2,Pi(g)£^-^0e)z„) = H'(Zn,Pi(g)r^"^) = 
for alH > 0. Combining these observations means that 

p(HO(Zn,Pi0£j-'),s,i) = p(HO(Hilb'^C2,Pi«)£^-i0 0zJ,s,i) 

= J2^-iyp (H°(Hilb"C^Pl ® £j-^ Vj),s,t) . 

j>0 
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By [Ha3, (35)], the sheaves Vi® dl ^ ®Vj are acycUc for the global section functor. Thus, combining the 
last displayed equation with the Atiyah-Bott-Lefschetz formula [Ha3, Proposition 3.2] gives 

p (hO(Z„,Pi ® CT^), s,0 = E Y.^-^yP (^i(^m) ® 'C^i(/^) ® V,{I^), s,t) 

(3.15.3) 

H j>0 

As was shown in the proof of [GS, Proposition 4.8], p{Ci{I^),s,t) = while the final sum in 

(3.15.3) is computed in [Ha3, (89)] (the individual terms in [Ha3, (89)] are defined in Equations (71), (73) 
and (88) of [Ha3]; note, however, that the convention [Ha3, (46)] for Poincare series differs from ours). These 
computations combine to give (3.15.2), as claimed. 

By [Hal, (1.9)] we have J2xed{^i.)^i^) = '^(l^) ^^'^^ similarly, J2xed{^i.) "-i^) = '^(M*)- Applying these 
formulae to (3.15.2) gives 

(3.15.4) p(H"(Z.,P,«£f-),M) = E -»)('- . 

The right hand side of this equation is the same as [GHl, (3.27)], provided one specialises the formal variable 
X = {xi,X2, ■ ■ •) from [GHl, (3.27)] to a;i = • • • = a;„ = 1 and a;j = for i > n. Now [GHl, (3.27)] can be 
computed from [GHl, Theorem 4.1]. Let e„ denote the n}'^ elementary symmetric function and note that, 
if g = 1 and X is as above, then e„[X(l + q + . . . + q'^")] = en[X{kn + 1)] — {kn + 1)" in the notation of 
[GHl, Introduction]. Therefore, specialising [GHl, Theorem 4.1] to g = 1 (which means taking s = t = 1 in 
our notation) gives 

dimHO(Z„,Pi®£^-i) = ^--L_e„[X(l + g + ... + g'=")] = (fcn + l)"-\ 

as required. □ 

3.16. We note for use in (5.12) that the derivation of (3.15.2) also yields 

(3.16.1) KH°(Zn,£*=),s,i) =Es'="WiM/^*)(l-s)(l-i)n^B^n(M)-^ 

This is the two variable Catalan-like number Cn\s,t) of Garsia and Haiman, as defined in [Hal, (1.10)]. 

4. Representations of He and coherent sheaves on Hilb(n) 

4.1. Throughout the section we assume that c € C satisfies Hypothesis 3.4 although, by the observations 
from Remark 3.4(2), analogues of the results proved here do hold for more general values of c. 

The results of the previous sections allow us to associate a coherent sheaf ^/^{M) on Hilb(n) to any U^- 
or i?c-module M with a good filtration A and in this section we investigate the general consequences of 
this construction. These results will begin to explain one of the central theses of this paper: ^!y{M) carries 
much deeper information about the structure of M than does, for example, the associated graded A°-module 
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gij^M. One reason for this is that the fundamental Morita equivalence between Uc and Uc+i, and with it 
the more subtle information about i7c-modules, is lost in passing to the associated graded rings but survives 
in our approach — in the notation of (3.7) it becomes the shift functor (£ (g) — ) for coherent sheaves (see 
Lemma 4.4). In Proposition 4.11, we show that there are intriguing connections between the map $ and the 
Bridgeland-King-Reid equivalences. 

4.2. Associated sheaves. Given a filtered noetherian ring R, write R-F\\t for the category of -R-modules 
equipped with increasing exhaustive filtrations and whose morphisms respect those filtrations. Let i?-filt 
be the full subcategory of R-F\\t consisting of modules with good filtrations. By (2.2) and (3.9.1), graded 
modules over ogrS = A are the same as those over A. In the notation of (2.4) we therefore have a functor 

$ : J7c-Filt — > Qcoh Hilb(n) (M, A) ^ $a(M) = 7r(grA M), 

where tt is the quotient map from A-Grmod to A-Qgr ~ Qcoh Hilb(n). Lemma 2.5(1) implies that $ restricts 
to a functor $ : f/c-filt CohHilb(n) . 

We will often abuse notation by writing just $(M) when the filtration on M is clearly understood, but 
we will write ^a{M) = $^(M) if we need to specify the initial algebra Uc- 

Similarly, we have a functor $ : Hc-F\\t — > Qcoh Hilb(n). More precisely, if (A'', F) e -ffc-Filt then applying 
the functor = {eH^® -) to {N,V) gives an object {eN,TE) e ?7c-Filt by setting T%{eN) = eT^{N). Thus 
we can extend $ to 

$ : Fe-Filt — > Qcoh Hilb(n) (iV, T) ^ «>a(M) for (M, A) = (eTV, r^). 

If (-/V, r) G iJc-filt. then gT^eN = ^ eT"N/eT^''^^N is a homomorphic imago of the finitely generated 
C[l) ® l)*]^-module grp N and so A is also a good filtration. Thus, as before, it follows from Lemma 2.5 that 
$ restricts to a functor $ : Hc'f\\t CohHilb(n) . 

4.3. Wcirning. The careful reader has noticed that we have two filtrations in play at the moment. In (3.9.1) 
we used the order filtration on the bimodules Bij, whilst in (2.4.1) and (4.2) we have insisted on the tensor 
product filtration for modules. For general modules these two filtrations can differ (an example is given in 
[GS, (7.4)]) and so one can ask whether $({7c) actually equals CHiib(n)- It does, by [GS, Lemma 7.2]. 

This potential ambiguity occurs several times in this paper — one instance occurs in the next lemma — but 
in each case it is resolved by [GS, Lemma 7.2]. 

4.4. Shift Functors. Recall from (3.7) that C = t?Hiib(ii)(l)) the Serre twisting sheaf corresponding to the 
Rees ring A. The role of the shift functor (£ — ) in QcohHilb(n) is played by the shift functor in the 
noncommutative world: 

Lemma. Assume that c G C satisfies Hypothesis 3.4 and let (M, A) S Uc-Filt. Define (M', A') G Uc+i-Filt 
by setting M' = Sc{M) = (eHc+iSe) ®Uc ^ together with the tensor product filtration A' from by (2.4.1). 
Then $X^^(M') ^ $^(M) ® C. 
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Proof. Recall from (3.5.1) the definition of Bij{c). By construction M{i) = Sjo(c) ^ and 



(4.4.1) M'{i) = Bio{c + 1) ®u,+, M' = Si+i,o(c) M = M{i + 1). 

As in (4.3) we should be careful to compare the two filtrations on M'{i) given by this equality. By definition 
and [GS, Lemma 7.2], A' is given by 

(A')'=M'(*) = E„+.+^=fcOrd"Sio(c+l)®ord"Bio(c)®A'"M 

(4.4.2) 

= E.+^=fcO'-d^Si+i,o(c)0A-M = A'=M(i + l). 

Thus (4.4.1) is also an equality of filtered modules. 

The sheaf ^a{M) on Hilb(n) corresponds to the graded A-module gr^v M = 0j>o S^a -^(O- The action 
of taking gr^ M{i + 1) to gr^ M{i + j + 1) is induced from the mapping 

Bi+j+i,i+i{c) M{i + 1) — > M{i+j + 1). 

Similarly the action of on gij^, M'{i) is induced from the map Bi+j^i{c + 1) (^u^+i+i M'{i) M'{i + j). 
Since Bi+j+i,j+i(c) = Bi+j^i{c + 1), it follows from (4.4.1) that these actions are equal for all j and all 
i > 0. Thus, (4.4.2) implies that (gr^ M)[l] = 0^>o gr^ M{i + 1) and gr^, M' = 0i>o grA- M'{i) are equal 
as graded A- modules. Since £ = C'Hiib(n)(l)) this is equivalent to the conclusion of the lemma. □ 

4.5. Many of the results of this paper can be interpreted as saying that important ifc-modules correspond 
via $ to important sheaves on Hilb(n). We give one example of this philosophy here — for the module He 
itself. Comparing this result with (3.7.2) shows that one can think of He as a noncommutative analogue of 
the isospectral Hilbert scheme X„. 

Theorem. Assume that c e C satisfies Hypothesis 3.4- Then ogr{eHc) = 0fc>o eJ'^S'' and ^ord{Hc) — V , 
the Procesi bundle on Hilb(n). 

Proof. We emphasise that if we begin with {N,A) = {He, ord), then $(-ffc) is defined by the tensor product 
filtrations on the summands B^o 0c/c of eHc = -Bfeo 'S'Uc = N{k) rather than the ord filtration. 
However, by [GS, Lemma 7.2], these filtrations are equal. So the identity ogr(ei?c) = 0eJ'^(5*' of graded 
vector spaces is immediate from [GS, Proposition 6.5]. That this is an identity of A-modules then follows 
from [GS, Lemma 6.7]. Since X„ = ProjS' for S = ^J'^S'^, in the notation of (3.7.1), this implies that 
$(ifc) = 7r(S') = V, as required. □ 

4.6. Recall from (2.6) the definitions of the the characteristic variety Char M C Hilb(n) and the associated 
variety Charo M C f) ® \)* jW for (M, A) G [/c-filt. As has been mentioned in the introduction, CharM 
carries more subtle information M than Charo M. Nevertheless these two varieties are connected and we 
will show in Proposition 4.8 that Charo M = T(Char M), under the resolution of singularities r. In a weak 
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sense this shows that the natural diagram 



fiqgr 



Uc-TXiod 



Coh Hilb(n) 



^°-mod 



commutes. One can show by example that the stronger commutativity result, T*(gry^(M)) = gTj^{M), does 
not always hold. 

We begin with an abstract lemma. 

Lemma. Let R = \J F^R and S = \J F^S be subrings of a filtered ring D = Ui>o ^'-^ ^'^'^ ^ C"^' R)-sub- 
bimodule of D. Assume that gVpD is commutative, that grpR = gVpS under the induced filtrations and 
that the induced filtration F on T is good on both sides. Let {N, F) e R-filt and give T N the tensor 
product filtration F. Then I = anugr^ nigrp N) C anugr^ s(grp.(T A/')). 

Proof. We drop the subscript F from all graded modules. The commutativity of giD implies the following: 
take q e gr^ T and f G gr' i? = gr' S, and lift q to q G F^T and lift f to elements ri e F^S and r2 e F'^R. 
Then, nq = qr2 modulo F^+^~^T. 

Recall from (2.4) that the principal symbol of n e A'' is written a{n). Now let a G Ik = /flgr*' R and pick a 
typical generator, say (T(g0n) of gr*(T(g) A/'), where q € F'T and n e F*~''N. Lift a to elements a e F'^S and 
b e F'^R. Since a{b)a{n) = 0, clearly bn e i^'=+(*-'-i)(Ar). By the last paragraph, aq-qb = cG F^+^-'^T 



4.7. Corollary. Let Rz be a Morita Z-algebra satisfying Hypotheses (1-4) of (2.3) and suppose that M is 
a finitely generated left Ro-module. Then Charo M = Charo(-Rfco ®Ro ^) for all k>0. 

Proof. Set Q ~ Rko- Pick a good filtration A of M and give Q ® M the tensor product filtration F; by 
[GS, Lemma 6.7(2)] this is a good filtration. Since Charg M is independent of the choice of good filtration 
[Bj2, Proposition 5.1], it is determined by anngi-f/jj-j) (gr^ M). The hypotheses of Lemma 4.6 are satisfied by 
R — Ro, S = Rk, T — Q and A^ = M and so that lemma implies that Charg M D Charo (Q ® M). 

The lemma may also be applied to the rings R = Rk, S ^ Rq with the modules T ~ P — Q* and 
A^ = Q^M, with its good tensor product filtration F. By hypothesis, Q is a progenerator and so P^r^ N = 
{P (Sififc Q) 'E)R„ M = M. Thus the lemma now implies that Charo (Q <8> M) = Charo A'^ 3 Charo (P (8) N) = 
Charo M and hence that Charo M = Charo (Q (g) M). □ 



and so 



a(g(g)n) = g6 0n + c0n = g(8)6n + c(8)ne F^'^* ^(Tig) A^). 



In other words, aa{q ^ n) = and hence agr(T (g) A/') = 0. 



□ 



20 



4.8. We can now relate CharoM to CharM for a finitely generated Uc-raodule M, where c satisfies Hy- 
pothesis 3.4. We will also need this result in other contexts and so we generalise it slightly. Let i?z be a 
Morita Z-algebra that satisfies Hypotheses (1-4) of (2.3). The graded ring 5 = 05, of (2.3)(4) satisfies 
So = gr i?o and so we have a natural surjection r' : Proj 5 — > Spec gr Rq analogous to r. 

Proposition. Let Rz be a Morita Ij-algehra that satisfies Hypotheses (1-4) of (2.3) and let M be a finitely 
generated left: Ro-module. Then r'(CharM) = CharoM. 

Remeirk. As was remarked in [GS, (1.3)], Theorem 1.2 can be regarded as a kind of analogue for Cherednik 
algebras of the Beilinson-Bernstein equivalence of categories for enveloping algebras. Under this analogy, the 
proposition for Uc corresponds to [BB, Theorem 1.9(c)]. 

Proof. Identify Sq — gv Rq and set / = amiSj,(gr Af) and J = anns(grM). If P = ®j>o P-i is a graded prime 
ideal of S that does not contain the irrelevant ideal 5*+ = ®j>o '^i- then the corresponding varieties satisfy 
t'{V{P)) = V{Po). For an arbitrary graded ideal of S we have to worry about occurrences of 5*+. Thus, let 
K = ©j>o Ki denote the largest ideal L of 5 such that L(5+)™ C J for some m > 0. By definition V( J) = 
V{K) but now the prime ideals P minimal over K do not contain S+. Thus r'(V(J)) = t'{V{K)) = V{Kq). 

A standard exercise shows that K = anng ((grAf)>,,), for t > 0. For some such t pick s such that 
(gr M)>t is generated by ©j^j gr M{j) as an 5-module. Clearly Kq — n^=t a-nng^ gr M (j). By Corollary 4.7 
vT = ann5(, (gr Af(j)) for each such j and so vT = V-K^o- By the conclusion of the last paragraph, this 
implies that r'(Char M) = Charo M. □ 

4.9. Let M e f/c-mod be pure in the sense that each nonzero submodule has the same Gelfand-Kirillov 
dimension as M. By Watanabe's Theorem [Wt], C[f)® f)*]^ is Gorenstein and so Gabber's theorem says that 
the associated variety CharoM is equidimensional (see, for example, [Bj2, (5.2)] and [Bjl, Theorem 7.1]). It 
would be interesting to know if the analogous result holds for Char: 

Question. If M G Uc-mod is pure, is CharM equidimensional? 

4.10. The BKR equivalence. In the final result of this section. Proposition 4.11, we show that there is 
an interesting connection between $ and the Bridgeland-King-Reid equivalence of categories. 

We start by giving a version of that equivalence of categories that is appropriate for I) ® l)*/W. Recall 
the following commutative diagram from (3.7.2). 

p 

Hilb(n) — ^ \)®^*/W 

Let D(Hilb(n)) denote the derived category of complexes of quasicohcrent sheaves on Hilb(n) with bounded 
coherent cohomology and let ([)©[)*) be the derived category of complexes of M^-equivariant quasicohcrent 
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sheaves on f) ® f)*, again with bounded coherent cohomology. Equivalently, D^{i) ® t)*) can be identified 
with the derived category of bounded complexes of finitely generated ® f)*] * W^-modules. 

Theorem. ([BKR, Theorem 1.1] and [Ha3, Corollary 5.1]) The functor ^ : D^{[)®t)*) D(Hilb(n)) given 
by 1-^ (p* o Lf*{!F))^ is an equivalence of triangulated categories. 

Proof. By [GS, Corollary 4.10], r : Hilb(n) ^ 1^ ® i)* /W is a crepant resolution of singularities and Hilb(n) 
is irreducible. Since W preserves the symplectic form on f) ® f)*, the result will therefore follow from [BKR, 
Corollary 1.3] once we show that Hilb(n) = f) ® l)*//W, the W^-Hilbert scheme on f) ® I)*. By definition the 
points of [) ® \)*//W are (isomorphism classes of) W-clusters on 1^ ® [)*; that is, cycUc ® t)*] * W^-modules 
which both carry the regular representation as Vl^-modules and are generated by the trivial representation. 

Let C^^-f/W denote the W-Hilbert scheme on C^". Any central element of C[C^"] * W acts by scalar 
multiplication on a W-cluster in C^", so there is a morphism p : C'^"//W — > 5"C^. Since f) ® t)*//W consists 
of the clusters which are annihilated by the elements z and z* of (3.6), it follows that p~^{t) ® i)*/W) = 
i) e t)*//W. By [Ha2, Theorem 5.1] there is an isomorphism of ^"C^-varieties i : C^^'/fW — > Hilb^C^ . Since 
Hilb(n) = r~-^(f) ® \j* /W) this induces the required isomorphism [) ® f)* //W = Hilb(n) . 

Finally, we compute the functor giving the equivalence of categories, since the functor we want is not 
quite that of [BKR] or [Ha3]. As is explained by [Ha3, Corollary 5.1 and Proposition 5.3], adjusted to our 
setup over f) ® f)*, the equivalence Z)(Hilb(n)) — > Z)'^(f) ® f)*) is given by a = RTx^CP — ), with inverse 
O(l)0(p*oL/*)^'S". Consequently, if we replace a by the functor iirx„('P(— 1)0— )(S) sign, which is obviously 
still an equivalence, then its inverse will indeed be the functor (p* o Lf*)^ that we require. □ 

4.11. Theorem 4.10 gives a second way in which to construct coherent sheaves on Hilb(n) from objects of 
ifc-filt. Let (A'^, r) e iJc-f'lt- Then grp A is a finitely generated C[f) ® [)*] * W^-module, which we consider as 
an object of 2?^(f) ® f)*) concentrated in degree zero. Applying the functor of Theorem 4.10 to this module 
gives a complex ^{N) = ^'r(A) of coherent sheaves on Hilb(n). Finally, taking the zeroth homology of ^ 
gives the functor 

*o : ife-filt Coh Hilb(n), (A, F) ^ (p*/* (grp A))^. 

The following proposition shows this functor is closely related to the functor $ obtained from our Z-algebra 
construction. 

Proposition. For every (A, F) e Hc-filt there is a surjective mapping ^'p(A) $p(A) of sheaves on 
Hilb(n). 

Proof. To prove the proposition we will first study free ilc-modules, and then pass to the general case via 
free ilc-resolutions. The result for free modules follows from the following result. 

Sublemma. Let : He ^ He he the mapping given by right multiplication by an element x € He. Then 
^ord(^c) = 7-* = ^ord{Hc) and the induced map ^^^{Rx) - P ^ V coincides with "^{Rx). 
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Proof of the suhlemma. This just amounts to unravelling the definitions and we begin with ^. 

Recall from (4.3) that the ord and tensor product filtrations coincide on eHc- It is therefore clear that 
the map ogrRx ■ ogr eHc — > ogr eHc induced from is just given by right multiplication by the principal 
symbol a{x) e C[f) ® f)*] * of x. Write 17(0;) = J^P-y^^ for some Pj e ® I)*] and 'y G W and recall 
from (3.1) that multipUcation in C[f) 8 f)*] * is defined by wf = w{f)w iov w € W and / e C[[) 8 i)*]. 
By Theorem 4.5, ogreilc — S = 0/;>o J'^S'^, where the isomorphism is induced on each summand from the 
natural isomorphism : e(C[()®()*]*VF) ^ C[f)®f)*] given by ep7 = 677"-^ (p) J~^{p), for p e C[()®f)*] 
and 7 e W. Therefore, at the level of graded ^-modules, the map ^{Rx) is the map S ^ S defined by 

(4.11.1) J ^ ej ^ ^ejpy-f ^ ioTjGj'^S''. 

7 7 

Now consider The map / : X„ — > f) ® f)* is Vl^-equivariant, so the pullback /* sends PF-equivariant 
coherent sheaves on t) ® [)* to W^-equivariant coherent sheaves on X„. We identify the category of W- 
equivariant coherent sheaves on f) ® [)* with ® f)*] * W-mod and, by (3.7), write X„ = ProjS'. In this 
language, if M is an object of C[f) ® I)*] * W^-mod, then f*{M) = S (S)c[f)ei)*] ^ with W acting diagonally on 
the right hand side. Similarly, the functor p* : Coh X„ — > Coh Hilb(n) corresponds to the restriction functor 
from graded 5-modules to graded A-modules. 

The map ogrR^ : ogr He = C[f) ® f)*] * — > ® * is clearly given by right multiphcation by a{x) 
and so, by the last paragraph, '^^{R^) is given by the homomorphism of graded A-modules 

(4.11.2) R^^x) ■■ {s ®cif,m'] (C[f) © r] * w))'^ (s 0cmr] e r] * W))"^ 

defined by right multiplication by a{x). We need to compare this to (4.11.1). There is a natural identification 
X-.S ^ (S^cCW)"^ (5®c[f,ebl(C[l)er]*W^))'^ 

given by 

& ^ -j X! 3{b) 5 ^ -j X] g{b) Oc[f,er] 9 for 6 e S. 
■ gew ' gew 

Write a{x) = J^P-y'l^ ^ before. Composing the map x with (4.11.2) yields the mapping S ^ S given by 

g g,i 

= ^_^9l{l~^{bp^)) <^ 91 ^ '^l~^{bPf)- 

3,7 7 

Thus *°(ogri?j;) coincides with a:) as graded A-module maps from S to S. As in the proof of Theorem 4.5, 
7r(5) =VG Coh Hilb(n) and so the sublemma follows. □ 
We return to the proof of the proposition and let {N,T) £ i/g-filt. By [Bjl, Section 2.3.11], we can 
construct an exact sequence in Hc-fWt 

(4.11.3) ... Fi Fi-i ■■■ Fo N^O 
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where the Fi are filtered free i?c-niodules whose filtrations shift the ord filtration and the induced complex 

(A ^^ A) S^d „ gr d grd grd gr 17 - 

is a free resolution of grp N . In particular the maps d are given by right multiplication by matrices with 
entries from He and so the sublcmma can be applied to them. By Theorem 4.5, if we apply $ to (4.11.3) we 
obtain the complex of coherent sheaves on Hilb(n) 

(4.11.5) ... g"*^" , perii S<:d ^ pe„,_j grd ^ grd ^ ^^^^ gr fj ^ J^^^ ^ 

where rij is the rank of Fi over He and grd is obtained from d by repeated use of (4.11.1). As in the proof of 
Lemma 2.5(1), the surjectivity of ry implies that final map grry in (4.11.5) is also surjective. Unfortunately, as 
happened in the proof of Lemma 2.8, one cannot expect that grd is right exact and so we can only conclude 
that the zeroth cohomology of the deleted complex (4.11.5) surjects onto ^{N). 

On the other hand, (/o*/*(— ))^ is a right exact functor and so \i>"(jV) is the zeroth cohomology of the 
functor (p*/*(— ))^^ applied to the deleted complex (4.11.4). By the sublemma, this new complex is just the 
deleted complex (4.11.5). The proposition follows. □ 

4.12. It is natural to ask whether Proposition 4.11 is the shadow of a much stronger statement. 

Question 1. Let {N,T) e Hc-filt. Is there a quasi-isomorphism of coherent sheaves between $r(-^) and 
*r(-/V)? In other words is -^^{N) = ^riN) and do the homology sheaves W{^riN)) vanish for i > 0? 

It is instructive to rephrase the final part of this question. As wc observed in the proof of Theorem 4.10, 
the inverse to * is the fimctor i?r('P(-l) «> -) sign. By [Ha2, (45)] P(-l) = V*, the dual bundle of P. 
Thus the following question is a special case of Question 1. 

Question 2. // {N, T) e H^-mod, does W ( Hilb(n), V* O $r(iV)) = /or i > ? 

This question is rather similar to [HaS, Conjecture 3.2] which asks the following: Let Bi denote the 
tautological rank n bundle and Vi the Procesi bundle on Hilb"C^, as in the proof of Lemma 3.12. Then: 

Conjecture. [Ha3] Does ^(Hilb^C^, Bf^) = for alii > and all l>0. 

5. Finite dimensional J7c-modules and their characteristic varieties 

5.1. We assume throughout the section that c E C satisfies Hypothesis 3.4. Some of the most interesting Hc- 
modules are the finite dimensional ones, which exist if (and only if) c = r/n, for some r G N with (r, n) = 1 
[BEG2, Theorem 1.2]. For such c, the irreducible finite dimensional modules are just the modules Lc(triv), as 
defined below in (5.2). In particular the module Li/„(triv) is one-dimensional (see [BEG2, Proposition 2.1]) 
and each Li/„+fc(triv) is induced from Li/„(triv) via the shift functors S. 

Our Z-algebra techniques are particularly well suited to studying these modules and wc give the details 
in this section. We first prove in Proposition 5.4 that $(Z/i/„(triv)) is simply Cz„, where Zn is the punctual 
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Hilbert scheme. This statement contains within it information about each Li/„+fe(triv) and this allows us to 
answer conjectures of Berest, Etingof and Ginzburg from [BEG2, Section 7]. Essentially, these questions ask 
for a bigraded decomposition of the associated graded modules of -^i/n+feCtriv) and eZ/i/„_|_fc(triv). However, 
the formal statement uses slightly different filtrations from the ones use so far and so we refer the reader to 
Theorem 5.11 for the precise statement. 

5.2. Category Oc- As in [GGOR] or [BEGl, Definition 2.4], we define Oc to be the abelian category of 
finitely-generated ifc-modules M for which the action of C[f)*] on M is locally nilpotent. By [Gu, Theorem 3] 
Oc is a highest weight category. Given /x e Irrep(W^), we define the standard module Ac(/u) e Oc, to be the 
induced module 

Ac(/u) = He ^c[t)'-]*w 

where C[l)*] * W acts on fi by pw ■ m — p{0){w ■ m), for p G C[f)*], w Cz W and m ji. It follows from the 
PEW Theorem 3.2.1 that Ac(/i) is a free left C[f)]-modulc of rank dim(/i). It is shown in [BEGl, Section 2] 
that each Ac{fi) has a unique simple quotient Lc{fJ-), that the set {Ldp) '■ /i G Irrep(VK)} provides a complete 
list of non- isomorphic simple objects in Oc, and that every object in Oc has finite length. 

5.3. The following observation will be used several times. 

Lemma. Let U' and U be subrings of a filtered C-algebra D = lJi>o ^'^'^ ^ (^'' U)-submodule of D. 
Give U' , U and T the induced filtration and suppose that U has a 1-dimensional module C = U/n with the 
trivial filtration F'^{C) = F^{C) = C for all r > 0. Then, under the tensor product filtration on T igiu C, we 
have F'(T®C) = (F*T) C and a surjective gXpU' -module map gVpT/ gVpT gVpW grp(T igi C). 

Proof Clearly F'(T ® C) ^ J2r F^-T ® F''(C) = F\T) Cg' C = {F'T + Tn)/Tn. This induces a surjective 
map F^T/F'-^T {F'T + Tn) / {F^'^T + Tn) = F\T (SjC) / F''-^{T ®C), and hence a surjection gr^, T 
grp{T (g) C). The kernel of this map contains grp{Tn) 3 gr p(T) grp{n). □ 

5.4. Let c = 1/n. By [BEG2, Proposition 2.1] or [G2, Lemma 4.6] the Hc-modu\e ic(triv) is one dimensional. 
Thus, if we give ic(triv) the trivial filtration T^{Lc{tn\/)) = Lc{tnv) for i > 0, then grpLcltriv) = C is the 
trivial C[f) ® t)*] * W-module concentrated in degree 0. The first main result of this section identifies the 
Hilb(n) -module $(Lc(triv)). 

Proposition. Let c = 1/n and give Lc{triv) = C the trivial filtration T. Then ^r{Lc{triv)) = Oz^- 

Proof Recall that A = 0j,>o Identify eLc{tm) with N = Uc/m for the appropriate ideal fil. Filter N 

by F^{N) = N, and write N{k) = Bko ®Uc N as in (2.4). By [BEGl, Remark, p.306] f) and t)* annihilate 
Lc(triv), so m = ogr(tn) = C[i) ® f)*]!^, the maximal ideal of A° = C[f) ® ^*]^ corresponding to the zero 
orbit. For any A; > 0, (3.9.1) and Lemma 5.3 combine to give a surjection 

A'^S'^m ogrSfcoOgrm 
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and, hence, a surjection t] : A/ Am -» gr(7V). On the other hand. Lemma 3.12 shows that H°(Zn,-C'^) = 
A'^6'' /A'^S'^m and so Oz„ is the Hilb(n) -module corresponding to the graded A-module A/Am. 

In order to complete the proof of the proposition it therefore suffices to show that r] is an isomorphism, 
which we do by computing dimensions. By comparing Lemma 3.15 and [BEG2, Theorem 1.14] we obtain 

dimA>'S''/A''S''m = ^ ) = dimeL,+fe(triv) = dimAr(A;). 

Since the maps r]k are surjections they are therefore isomorphisms. Hence, so is r]. □ 

5.5. As remarked in (5.1), the simple module Lc{X.m) is finite dimensional whenever c = r/n with r e N and 
(r, n) = 1. It would be interesting to know whether an analogue of Proposition 5.4 holds for these modules: 

Problem. If c = r/n with {r,n) = 1, find ^{Lc{trivj) under some natural filtration on Lc{triv). 

A shadow of the answer will be given in (6.9) which computes the restricted character of ic(ti'iv). 

5.6. By [GS, Proposition 3.16], _Bfeo'X'!7c6^c(ti'iv) ^ e_Lc+fe(triv) for fc > and so Proposition 5.4 also contains 
information about the modules eLi/j^^i^{tr\v). For the rest of this section we will study the consequences of 
this observation. In particular we will determine the bigraded structure of the associated graded modules of 
these modules, thereby answering the conjectures from [BEG2, Section 7]. 

5.7. Torus action revisited. As we will discuss, this bigraded structure is the standard one for rings of 
diff'erential operators, but it is not quite the bigrading used in (3.13) and [IIa3]. Instead, we need to consider 
a second action of on C[C^] = C[a;, y], this time given by Ts,t ■ x = stx, Ts,t ■ y = st~^y. This induces new 
T^-structures on Hilb(n), Zn, V, £, etc. 

It is routine to check that, if an element / is bihomogeneous of weight {i,j) for the action in (3.13), then 
under this new action Ts,t ■ f = s^~^H''~^ f and so / is bihomogeneous of weight {i+j, i—j)- Thus, under the 
present torus action. Lemma 3.14 provides the following identification of bigraded components: 

/ AkXk ^i+Nk,j+Nk , ^i+Nk,3+Nk 

(5.") H»(Z,., (-^) , H»(Z.,^«£'r.(^) 

5.8. Euler operator. As in [GS, (2.4)] the rings of differential operators -D(f)) and _D(f)''°s) have a graded 
structure, given by the adjoint action [E, — ] of the Euler operator E = ^ xidi £ D{i)). We will call this the 
Euler grading and write E-deg for the corresponding degree function; thus E-deg a^i = 1 and E-deg9i = — 1. 
Since E e D{t))^ , E commutes with W in Z)(l)™s) ^ \y sq this grading extends to that ring with 
E-deg = 0. By inspection, (3.1.1) implies that the elements yi defined there also have degree —1 and so 
each He is also graded under [E, — ] and we continue to call this the Euler grading. 

It is well-known and easy to check that the E-grading is compatible with the order filtration on D{i)'^'^^)*W, 
in the sense that [E, ord" L'(f)''''s) * M/] C ord" L'(f)''°s) * W for all n > 0. Thus, we obtain an induced grading, 
again called the E-grading, on the associated graded object ogr D{i)'^^^) * W = C[[)'''^^ ® [}*] * and its 
subrings. Clearly this is again given by E-deg f)* = 1 (which we define to mean that E-deg(a:) = 1 for every 
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^ a; e f)*) while E-deg f) = — 1 and E-deg W = 0. In other words, the E-grading coincides with the grading 
induced by the second component of in (5.7); which is the point of defining that action. 

5.9. The first conjecture from [BEG2, Section 7] asks whether the isomorphism from Proposition 5.4 can 
be extended to an appropriate T^-equi variant isomorphism. However the T^-action in [BEG2] is not the one 
arising from the ord filtration and E-grading; we must replace the ord filtration by the filtration tot defined 
by the total degree of diff'erential operators. Fortunately, as we next show, it is easy to pass between the two 
filtrations. 

We begin with the formal definitions. The filtration tot is defined on D{1)'^'^^) * W and its subspaces by 
giving W total degree zero and fj ® {)* \ {0} total degree one. As usual, for any subset M of £>(f)'^^^) * W, 
we write tof" M for the elements m e M of total degree tot-deg(m) < r and denote the associate graded 
object by tgrM = 0r>o tgr*" M, where tgr'' M = tof M/ tof"^ M. It follows from (5.8) that commutation 
by E preserves the ord and tot filtrations on D{1)'^''^) * W and therefore induces a grading on Bij and 
its associated graded modules. Write tof'^-B^ (respectively ord'"'* -B^) to denote the elements of tof-By 
(respectively ord'^S^) with E-degree equal to s. The E-graded decompositions tgr^ Bij = 0^^^ tg'"'"'* -B^j 
and ogr'' Bfj = ogr'"'* Bij are defined analogously. By construction, this bigraded structure on tgr Bij is 
simply the one coming from the T^-action of (5.7). 

Lemma. For each i > j > there is an isomorphism tgr Bij ogr Bij which identifies tgr^^~^^'^ Bij with 
ogi^'^ Bij . These isomorphisms induce a Z-algebra isomorphism tgrB ogrB. 

Proof. We fix i > j > throughout the proof. By [GS, Lemma 6.10 and Corollary 6.14(1)] the action of E 
on Bij is diagonalisable. Therefore 

If 6 e ord'" Bij \ ord'""^ Bij, set ord-deg(6) = r. Then tot-deg(6) = E-deg(6) + 2ord-deg(6) and so 

ord'''* Bij = {6 e B^j : ord-deg(6) < r and E-deg(&) = s} 

= {bG Bij : tot-deg(6) <2r + s and E-deg(6) = s} 
= tot^'-+''' Bij. 

This proves the first claim of the lemma. The second claim follows since the map tgrB — > ogrB is induced 
by the identity map on B. □ 

5.10. Assume that c = 1/n. By [GS, Proposition 3.16] we can identify 

(5.10.1) eZ/c+fc(triv) ^ eHc+kSc- ^Uc+k-i eHc+k-iSe ^Uc+k-2 ' ' ' ^Uc+i eHc+iSe C 
and 

(5.10.2) Lc+fc(triv) ^ Hc+kSe- ^u^+k-i eHc+k-iSe ' ' ' ^Uc+i eHc+i6e ®Uc C- 
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These modules have an E-gradation and a filtration induced from the tensor product tot-filtration, which 
induce a bigraded structure on tgrLc+feltriv) and tgreLc+feltriv). Moreover, since the tot filtration is In- 
stable, tgrLc+feltriv) is then a bigraded W-module. 

We need a minor extra adjustment to the tot filtration in order to state (and prove) the conjectures from 
[BEG2]. To be precise, the conjectures are stated in [BEG2] for the tensor product filtration arising from 
the isomorphism 

(5.10.3) eLc+fc(triv) ^ eHc+ke- <»u,+k_i eiJc+fe-ie- <»u,+k-2 ' ' ' '^u^+i eH^+ie- C. 

In other words, one ignores the copy of 5 in each tensor summand of eLc+fc. We will write the tot filtration 
arising from (5.10.3) as tote. Of course, this is only a book-keeping device to account for the powers of 5 
and so it follows immediately that 

(5.10.4) tgr^'" eLc+fe(triv) = tgf+Nk^s+Nk e.L^^^{tm) where N = n{n- l)/2 = deg^. 
Using (5.10.2) in place of (5.10.1), the same comments apply to Lc+fe(ti'iv) and give 

(5.10.5) tgr^^ Lc+fe(triv) = tgr'-+^'=''*+^'= Lc+fe(triv). 
5.11. We now confirm [BEG2, Conjectures 7.2 and 7.3]. 

Theorem. Let c = 1/n and k £N. Give Lc{triv) the trivial filtration, and consider the T'^-action of (5.7). 

(1) Give eLc+k{triv) the tensor product filtration arising from (5.10.1). Then there is a bigraded isomor- 
phism tgr^ eLa+k{triv) ^ H0(Z„,£'=). 

(2) Give Lc+k{triv) the tensor product filtration arising from the identity (5.10.2). Then there is a 
W-equivariant, bigraded isomorphism 

tgr^ Lc+k{triv) S H°(Zn, P r'^"^) O sign . 

Proof. (1) By Lemma 5.9 and [GS, Lemma 7.2], the tensor product filtration on Bij induced from the tot 
filtration on the B^+i^k coincides with the tot filtration on Bij. So wc need not distinguish between them. 
As in the proof of Proposition 5.4, identify L = eLc(triv) = C = Uc/vh and give L the trivial filtration. 
Then, for any fc > 0, the induced tensor product filtration on L{k) = e_Lc+fe(triv) is equal to the one 
coming from the tensor product filtration on the right hand side of (5.10.1). By Lemma 5.3 there is a 
surjection i]'^ : tgr(Bfco)/ tgr(Bfeo) tgr(tn) -» gvL{k). This is clearly a graded morphism under both the tot 
and E-gradings. 

Now tgrtn = m = C[f) © ()*]+'. Thus (3.9.1) and Lemma 5.9 give bigraded isomorphisms 

r+Nk,s+Nk / .fcrfc \r+Nk,s+Nk 



(5.11.1) 



tgri?feo y+^'^.^+^v'^^ / AH^ Y 
(tgrBfco)(tgrm)y \A'^6^m) 



for all r, s e Z. By (5.7.1), this final term is isomorphic to H°(Zn, £'')'■'*. Thus, (5.10.4) and (5.11.1) combine 
to show that, for each r and s, the map ry'^ restricts to a surjection r]r,s '■ H°(Zn,£'^)''''* -» tgr^** eXc+fe(triv). 
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Finally, by Lemma 3.15 and [BEG2, Theorem 1.14], we know that dime H'^(Zn, -C*') = dimeZ/c+/s(t''iv) < oo. 
Therefore, each r/^.s must be an isomorphism and we are done. 

(2) In this case, the filtration on each ic+fe(triv) is the one coming from the tensor product filtration on 
the right hand side of (5.10.2). However, by [GS, Lemma 7.2] this is the same filtration as that coming from 
the tensor product filtration on ic+fe — M C, where M = Hc+k^eBk-io- Thus, by (5.10.5), 

(5.11.2) tot^* Le+fe = tot'-+^'='*+^'= M (g) C. 

By Lemma 5.3 there is a surjection x : tgrM/(tgrM)(tgrm) -» tgr(Lc+fe)) which is bigraded under the tot 
and E gradings. By [GS, Proposition B.l], 

tgrMtgrmj ~ \Jk-H^m) ~ ® ( 7'="!^'=-% j 

for all r, .s G Z. By (5.7.1), again, the right hand side of (5.11.3) is isomorphic to H°(Z„,'P (X' £k-i-jr,s ^ s\gn. 
By construction and Lemma 3.12, each of these identifications is W-equivariant. Therefore, (5.11.3) and 
(5.11.2) combine to give a VF-equivariant surjection 

X"-'' : H0(Z„,P C'^-Y' ® sign ^ tgr^^ L^+k 

for each r and s. By [BEG2, Theorem 1.11] and Lemma 3.15 we know that dimtgr^ Lc+k = [kn + 1)"~^ = 
dimH''(Zn,'P (g) C'^~^) for all fc > 1. Hence x^'^ is an isomorphism, as required. □ 

5.12. Using (3.15.2) and (3.16.1) one can explicitly write down the two variable Poincarc scries for _Lc+fe(triv) 
and e_Lc+fe(triv) arising from this theorem. Of course, by (5.7), those formula: need to be slightly modified 
to apply here but, for example, it follows from (3.16.1) that under the grading of this theorem, eLc+/c(triv) 
has the two- variable Poincare series p(eLc+/c(ti'iv), s,t) = Cn \st, st~^). 

6. Characteristic cycles 

6.1. In this section we expand on the results from Sections 4 and 5 in order to understand the characteristic 
varieties CharM C Hilb(n) and the characteristic cycles ChM for category O-modules M (the reader 
should recall the notation and conventions from Section 2 concerning these objects). Even for a standard 
module A = Ac(/i), the answer is quite subtle and in marked contrast to the usual associated variety 
Charo A C () ® t)*/W. Indeed, Charo A is clearly independent of /i whereas Char A varies with and even 
determines /x. The precise result is given in Theorem 6.7 which also gives an explicit formula for the 
characteristic cycle ChA. Our results are less complete for other objects of O,., but they are sufficient to 
show in Corollary 6.10 that K{Oc) is isomorphic to the top degree Borel- Moore homology group B.2n-2{Z, C) 
for the variety Z = T~\i)/W). 

As usual we will assume that c satisfies Hypothesis 3.4 throughout the section. 
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(5.11.3) 



6.2. Before proceeding, we will need a minor variant of [GS, Corollary 4.13]. Let Cf^™^ = C[y /C[f)]l^C[f)] 
denote the algebra of coinvariants. For fj, e Irrep(M^) define the fake degree of to be the polynomial 

Recall from (5.8) that ® I)*] has a natural Z-grading called the E grading. Given an E-graded module 
M = Mj, we will write the corresponding Poincare series as p{M, v) = '^v^ dime Mj. 

Lemma. Set N = n(n — l)/2 and write K = ()C[[) [)*] C C[[) [)*] for the ideal generated by the elements 
of (). Then J^d*' / J^6^K is 'E-graded for any fc > 1 and has Poincare series 

V f flU ('7,^,,fc("(A')-n(/)) 



(6.2.1) p{r5^/J''5''K,v) = v 



nr=2(i-^^) 

Proof. As in [GS, (4.13)], it is routine to check that the given modules are E-graded. 

Let C = C[f)*]!^. Since is symmetric in f) and [)*, it follows from [GS, Corollary 4.13] that J^jJ^G 
has Poincare series 

(6.2.2) p(J I J C,v) = llt2i^-v') ' ^ " (i_^)n ■ 

The derivation of this formula in [GS] was obtained by noting that the fundamental invariants, which 
provide the generators of C, form an r-sequence in each j'^. This allows one to obtain the Poincare series for 
jk ijk(j fj.Qjjj ^jjg Poincare series for given by [GS, Corollary 4.11]. By [GS, Lemma 4.4(2)], the natural 
generators of K also form an r-sequence in J*^ and so the same argument can be used to find the Poincare 
series of J^/J^K. 

In more detail, the generators of K all have degree —1 while the fundamental invariants have degrees 
-2 > -r > -n and 5^ has degree Nk. In the notation of [GS, (4.11)], the formula [GS, (4.13.3)] gives 



Pij'^lj^c, v) = 1 11(1 - e)p{j\ s,t)\ 

Using the same argument one obtains: 

pl^jksk/jkgkj^^ t;) = v^'' ((1 - tf-^p^j'', S, t)) 
Comparing these two formulas gives 

,,JVfc|'1 _ -l\(n-l) ,,JVfe 

p{JH''/JH''K,v) = i ' piJ'/j'^Cv) = -—-p{J>'/J^C,v). 

111=21-*- ^ ) i'^Ju-i- 

Combined with (6.2.2) this implies (6.2.1). □ 

6.3. The next few results give partial information on the characteristic cycle ChA for a standard module 
A that will be used in the complete description of ChA in Theorem 6.7. 

For a H^-modulc V and ji € Irrep(W^) set = (F(g)/u)^. By construction, the fibres of the Proccsi bundle 
V carry the regular W-representation and so is a vector bundle of rank dim/x. Write K = ()C[() © f)*] as 
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in (6.2). It follows from (3.7) that C[i) i)*] = 0{Xn) = HO(Hilb(n),P). Thus C[l) i)*] acts on V and so 
VK and {VK)i^ are naturally defined for any e lrrep(T4^). 

Let c > 0. We give Ac(/u) the induced filtration r*(Ac(/i)) = ord* • (1 O m)- Since Ac(/i) = C[^] (g) /x, 
this is the same as the trivial filtration r*(Ac(/i)) = Ac(/u) for all t, but the present formulation will be more 
convenient in the sequel. 

Lemma. For each n G lrrep(W) there is an isomorphism <l?r(Ac(/u)) = V^/iVK)^ of sheaves on Elilb(n). 
Proof. Let X = Oc[r] Altered by T\X) = ord* • (1 O C), and set 

X(fc) = Sc+k-i°---°Sc{eX) ^ ei?c(A:) (8)c[i,-] C, = (8)(7, ef/c «)C[i,-] C for A: G N. 

The filtration F on X induces the tensor product filtration on X{k), which we also call F. By [GS, Lemma 7.2], 
the tensor product and ord filtrations on Bko ®Uc coincide and so F*X(fc) = (ord* eHc{k)) • (1 (g) C) for all 
t and k. Thus, by Theorem 4.5, there is a surjective mapping p' : J'^S'' grpX(fc). Moreover, since C[f)*] 
acts trivially on 1 1 e X, this factors through a surjection 

P--Jks>^^&'rX{k). 

Since the E-gradation commutes with the ord-filtration and the isomorphism of Theorem 4.5 is E-graded, 
the map p is E-graded. Comparing [GS, Corollary 6.14(2)] with Lemma 6.2 shows that X{k) (which equals 
N{k) in the notation of [GS]) and J*' 5^ / 6^ K have the same Poincare series under the E-grading. Since p 
is surjective on each (finite dimensional) component, it is therefore an isomorphism. Equivalently, p induces 
an isomorphism grp X = ©j,>q J'^S'^ / J'^S'^K. 

There is a natural action of W on X{k) given by w • (r (g) 1) = rw~^ (g 1 for w E W and r G Hc{k), with the 
induced action on gT^X{k). Wo next show that p is VF-equivariant under this action. For r E Hc{k), let f 
denote the image of the principal symbol a{r) in 5^ / 5^ K . The definition of multiplication in D{\f°^)*W 
from (3.1) says that wrw"! = w(r), for r G C[l)]C[f)*] C H^+k and lo E W . By [GS, Lemma 6.11(1)] and 
(3.2.1), eHc{k) C eHc+k = eC[f)]C[f)*] and so the construction of p' implies that, under the natural action of 
W on J'=(5^ 

p{u!{f)) = ea;(cr(r)) (g) 1 = ea;cr(r)a;~^ (g 1 = e(T(r)a;~^ 1 = oj{p{f)) mod j''5''K 

for all such r and lo. Thus p and (by construction) the functors Sc+j arc indeed VF-equivariant. 

Next, give Hc®cH)*]*w'CW the H^-action analogous to that on X so the isomorphism X = i?c<gc[i)*]*w*C^ 
is H^-equi variant. Then 

(6.3.1) = [He <Sic[i,']*w CW]ij, = Hc<Sic[i,']*w {CW)^ = i?c 0c[b*]*w' M = ^c{^l)■ 
Since p and the Sj are W^-equi variant, (6.3.1) induces an isomorphism 

(6.3.2) ( J'=(5V J'^'i^)^ = (grA X{k))^ = gr^{X^{k)) = gr^ eA,{f,){k). 
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Thus (6.3.2) induces an isomorphism of graded A-modules 
(6.3.3) eZS) = ^ 



k>0 ^ ' M 



Finally, we need to translate this equation to one involving sheaves. Consider the short exact sequence 



(6.3.4) ^ JH^K JH^ _ -g!- _ 

fe>0 fe>0 fe>0 



of A-modules. By (3.7), the image of this sequence in A-qgr = Coh Hilb(n) is isomorphic to the short exact 
sequence of sheaves VK — > P — > V/VK 0. By (3.8.1) this isomorphism is W-equivariant and so the 
module 0fe>o(>^'^'^'^)(i* S j4-grmod has image G CohHilb(n). Combining these facts shows that the image 
of (6.3.3) in Coh Hilb(n) is precisely V^/{VK)^. □ 

6.4. To describe the characteristic cycles of objects from Oc we need to recall a set of Lagrangian subvarieties 
which were introduced by Grojnowski in [Gr, Section 3] (see also [Na, Sections 7.2 and 9.2]). 

Recall from (3.6) that we identify C^"/!^ with S'"C2, write r : Hilb"C2 ^ C^'" /W and identify \) with a 
subspace of C" x C C^". Set C = f -i(C" x 0); equivalently C = {/ € Hilb"C2 : Supp C[.t, y]// C 5'"C} 
where C = {{z, 0) : ^ € C} C C^. By [Gr, Proposition 3], C is a pure variety of dimension n. To describe its 
irreducible components, we use the stratification S'^C^ = Uai-ti "^aC^ where, for a partition A = (Ai, . . . , A^) 
with exactly r non-zero parts, 

r 

SxC^ = : xi, . . . ,Xr & are distinct}. 

By [Gr, Proposition 3] or [Na, p. Ill] the irreducible components of C are the closures Cx of the subvarieties 

Cx = C n {IG Hilb^C^ : SuppC[a;,t/]/7 e ^aC^}. 

Moreover, dimCx = n for all n. 

Set Z = T~^{i)/W) which, by the last paragraph, is equal to C fl Hilb(n). We will occasionally write 
Z = Z{n) when we need to specify n. In order to identify the components of Z, we recall from [GS, Proof 
of Corollary 4.10] that the identification C[C2"]^ = C[() © [}*]^[z,z*] induces a factorisation Hilb'^C^ = 
Hilb(n) xC^, where = SpecC[z,z*]. It follows that C = Z x <C. and so we have proved the following 
result. 

Lemma. The variety Z is pure of dimension n — I with irreducible components 



Zx = Hilb(n) nCx for A e lrrep{W). □ 



In this notation, the punctual Hilbert scheme Zn equals Z^^y 
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6.5. Lemma. If jJ. G lrrep{W) then Char(Ac(/i)) is a union of subvarieties Z\, for some A e IrrepiW). In 
particular, Char(Ac(/i)) is equidimensional. 

Proof. By Lemma 6.3, we need to calculate the support variety of the sheaf ^^^/{VK)^. By (6.3.4), 

r(SuppP/Pif) = V{Kr\C[i)®l)*]^) = l)/W, 

as a subvariety of f) ® i)*/W. Therefore, by the definition of Z, we have SuppV^/ {'PK)^ C Z. 

Let {yi, . . . , Un-i} be a basis of I). Arguing as in [GS, (4.9.2)] we see that yi, . . . , yn-i is a regular sequence 
in 5 = C[f) ® f)*][tJ^5], the Rees ring of X„, and so we have an W-equivariant Koszul resolution 

Ti-l i ,^ 

Tensoring this by fi, applying and taking W-fixed points gives an exact sequence 

n-l i 

(6.5.1) 0^(P® /\ f,*®^)W'^...^(p®/\r®;,)^^...^(p®^)^^^^^^0. 

As this resolution has length n — 1, the new intersection theorem [BKR, Corollary 5.2] implies that the 
irreducible components of the support of the cohomology sheaves have codimension at most n — 1 in 
Hilb(n). In other words, the irreducible components of Supp'P^/('P/i')^ have dimension at least n — 1. 
Since Supp'P^/('Pii')^ C Z, the result therefore follows from Lemma 6.4. □ 

6.6. Lemma. The multiplicity mult z^^^ {V/VK) equals 1. 

Proof. Let Vi denote the Procesi bundle on Hilb"C^, as in the proof of Lemma 3.12. Then V/VK = 
Vi/{ViK + Viiz,z*)) under the embedding C[f) ® ()*] C[l) ® ()*] [z, z*] = Cp^"] of (3.6). 

For a partition A of n, recall that the monomial ideal Ix from (3.15.1) is a point of Z^. We claim, as is 
well-known, that Ix is also a point of Zx- To see this, suppose that ^i[Qi] € S'aC^ fl f). Then the ideal 

r 

7(A,q) = fl {y^'C[x,y] + {x - qi)C[x,y]) 

i=l 

clearly belongs to Zx- Since 5a is stable under the action of (3.13), so is Zx- Thus, Ix = limt_>o /(A, tq) 
is also in Zx- 

Since Ix is killed by z, the geometric fibres of V/VK and Vi/{ViK + Viz*) at 7a are equal. Let act 
on as in (3.13), and use the conventions of (3.13) for the corresponding bigraded decomposition Vi{Ix) = 
^i(-^a)'-' - These bigraded components are M^-modules; indeed, by [Ha3, (46) and Proposition 3.4] (which 
is proved in [Ha2, Section 3.9]), the bigraded W-equivariant structure of Pi (7a) is given by [Pi (7a)] = 
s'^WK^x{t-: ^~^)[lA- Factoring Vi by V\K + ViZ* kills precisely the elements with positive f)-degree, and 
so the bigraded W-structure oiVi{Iy.)/{ViK + Viz*){I^) is given by Y.x s"^-^^7i:^A(0, s"^)M- Specialising s 
to 1 and using (3.11) shows that the W-equivariant structure of these fibres is given by 

(6.6.1) ^(7a) = ^p^^^^^ih) 
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In particular (3.11) implies that dim ('P/'Pii') (/(„)) = 1. As the dimension of the geometric fibre at /(„) is 
an upper bound for the multiplicity of V/VK along .Z^(„), this implies that mult^^^^ V/VK < 1. 
On the other hand, by construction, V^n) = ^Hiib(n) and so there is an inclusion 

Oz,„, = OHilb(„)/(^n OHilb(n)) c V/VK. 

Since Z(„) is an irreducible component of Z it follows that 1 = mult2(„) Oz < mult^^^j V/VK. □ 

6.7. We can now describe the characteristic cycle of any standard module in terms of the varieties Z\ and 
the Kostka numbers K^x from (3.11). 

Theorem. Let Ac(/i) be the standard He-module corresponding to ^ & lrrep{W). Then 

Ch(Ae(M)) = ^Jr^A[^A]. 
A 

Remeirks. (1) By (3.11), K^x = unless /U > A and K/^^ = 1. Combined with the theorem, this therefore 
shows that fi is determined by Char Ac (/x). 

(2) Very recently, Gan and Ginzburg [GG] have used "D-modules to give another way of defining the 
characteristic cycle of a category Oc-module as a subscheme of Hilb(n) . It would be interesting to know the 
relationship between their cycle and ours. 

Proof. By Lemma 6.5 it remains to determine the multiplicity of Vi_i/{VK)i^ along each Zx. We will do this 
by reducing to the case of Lemma 6.6. 

We first need to introduce some notation. Let m gN and write Tm '■ Hilb™C^ — > C^^/Sm for the crepant 
resolution. The Procesi bundles for Hilb(m) and Hilb™C^ will be written as V{m) and Vi{m) respectively, 
whilst the analogue of K will be written K{m). For a e C, set 

^i,,(m) = ^, and V{m) =Vi,a{m) = ^^""^ 



Vi{m)K{m)+Vi{m){'z-a,2.*) ' ' ' V{m)K{m)' 

As in [Ha2, Definition 3.2.4] or [GS, (4.2)], the isospectral Hilbert scheme Xm (which is the C^™ analogue of 
Xn) is described as a set by 

X„ = {(/,pi, . . . ,p„) : / e Hilb"C2, pi, . . . ,pm e C^, Supp/ = ^[pi]} . 

We have multz;^ ^('^) = multz,^ Vifl{n). If 7 is a generic point of Zx then multz^ Vifi{n) = mult/ Vifi{n), 
the multipUcity of Pi,o(n) at I in Hilb'^C^. Therefore 

(6.7.1) mult^^ V{n) = mult/ Pi,o(n). 

Write Supp / = ^\pi] = ^i[qi] + ■ ■ ■ \r[Qr] for distinct qi, . . . , Qr € C = C x {0}. By [Ha2, Lemma 3.3.1] 
and induction there is a neighbourhood of {I,pi, . . . ,p„) e X„ that is isomorphic to a neighbourhood of the 
point 

{{h,qi,...,qi),{l2,q2,---,q2),---,{Ir,qr,---,qr)) e Xai X Xa2 X ••• X Xa,. 
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Here h, . . . ,Ir are the primary ideals with support Ai[gi], . . . , Xr[qr] such that h (1 ■ ■ ■ (1 Ir = I. It follows 
that 



(Pi)/ = (p.OxJ/ = 0(OxJ(/,p„...,p„) = 0(Ox.J(7,,,,....,,,)®---®(0x.J(/.,<,.,...,<,.) 

= 0(8)(^i*(A.))/,, 

where the summations are over all distinct orderings of pi, . . . ,p„. As the stabiliser of {pi, . . . ,Pn) € C^" is 
isomorphic to the Young subgroup S\ = x • • • x Sx^, there are nl/jS'Al different orderings. Hence (6.7.1) 
implies that 

(6.7.2) multz^ V{n) = multj Vi,o{n) = tttt 1 [ mult/^ Vi,q^ (Xj), 

where the multiplicities of the final term are taken at Ij in Hilb^^C^. 

In order to calculate the right hand side of (6.7.2), we need to assume that each Ij is a generic point of 
the scheme Vj = T^.^{Xj[qj]) C Hilb^^C^. We will confirm by a dimension count that this can be achieved. 
Since dimV^- = Xj — 1, we have dim(yi x • • • x Vr) = J2'j=ii^j ~ !)• We may choose the r-tuple (gi, . . . ,gr-) 
from a non-empty open subset of {(gi, ■ ■ ■ ,qr) '■ J2^j=i ^jQr = 0}. Then as we vary the qj's in this parameter 
space the spaces ViX ■ ■ ■ xVr sweep out a variety of dimension J^j^ii^j — + (r — 1) = n~ 1 = dim Z\. We 
conclude that / can be chosen so that the /j 's are generic. It follows that mult/^ 'Pi,qj i^j) — multy^. Vi,qj (Xj). 
Shifting the base from qj to and writing = t^^(O) for the punctual Hilbert scheme in Hilb"'C^ shows 
that 

multy^. Vi,qj{Xj) = multz(;,., Pi,o(Aj) = multz(;,.) V{Xj). 

By Lemma 6.6 this final multiplicity equals 1. Combined with (6.7.2) this gives multz^ V{n) = n!/|SA|. 

Finally we compute multz;^ V{n)^. As the dimension of geometric fibres bounds multiplicity from above, 
and I\ e Z\, (6.6.1) shows that 

(6.7.3) multz;,P(n)^ < dimV{n){h),, = K^,x. 
Hence 

= mult Z;,^ ■p(n) = multz;,^ P{n)v dim v < K^x dim v. 

By [Mac, Remark following 1(7.8)], Y^^K^xdmiu = dimlnd^C = n\/\Sx\ and so (6.7.3) is an equality for 
each IJ,. □ 

6.8. It would be interesting to know if there is a result analogous to Theorem 6.7 that holds for the simple 
modules Lc(a*), but we are unable to prove this. Indeed we do not even know whether the characteristic 
varieties Char Lc{n) are equi-dimensional; this is a special case of of Question 4.9. The theorem does however 
provide information about the restricted characteristic varieties rChLc(A*)) as defined in (2.8.1). 
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Corollary. For all G lrrep{W) there exist integers ax^^ G N such that 
(6.8.1) rCh(Le(M)) = [Z^] + ^ax,^,[Zx]. 

Proof. Recall from Lemma 6.4 that each Z\ has dimension n — 1. As in (3.10), the partition (1") corre- 
sponding to the sign representation of W is minimal in the dominance ordering. By [GS, Remark 3.6(2)] 
Lc(sign) = Ac(sign). Hence rChLc(sign) = Ea^(1")a[^a] = [^(i")], by Theorem 6.7 and (3.11). This 
begins an induction. 

Now fix a partition /x and suppose that (6.8.1) holds for all partitions v < ii. By [GS, Lemma 3.5 
and Remark 3.5(1)], there is a short exact sequence ^ M ^ ^cilj) -^c(m) ~^ where the simple 
composition factors of M are of the form Lc{v) for v < fx. By the inductive hypothesis and Lemma 2.8(c) 
rChM = Y.u<t,^AZA for some e N. On the other hand, by Theorem 6.7 and (3.11), rChAc(At) = 
[Zfj] + '}2\<ij,^ti'>\^>]- Applying Lemma 2.8, again, shows that 

rChL,(/x) = rCh Ae(M) - rChM = [Z^] + ^ a^^Zx], 

A<Ai 

for some aA,/^ € N. This completes the induction step and hence the proof of the lemma. □ 

6.9. One case where it is easy to identify rChic(/x) is when n = triv and ic(triv) is finite dimensional; 
thus c = r/n with (r, n) = 1 by [BEG2, Theorem 1.2]. In this case, Charo ic(ti'iv) is the zero orbit in 
^ ® \)* /W and so Proposition 4.8 shows that Ch£ir Lc(ti'iv) C t~^(0) = Z„. By Corollary 6.8, this forces 
CharLc(triv) = rChLc(triv) = [ZJ. 

6.10. Let H2n-2{Z,€,) be the top degree Borel-Moore homology group of the variety Z. By Lemma 6.4 
and [Na, Section 8.2], the irreducible components Z\ of Z form a basis of H2n-2{Z,€,), so its dimension is 
equal to the number of partitions of n. 

Corollary. Taking the reduced characteristic cycle rCh M of a module M G Oc induces an isomorphism of 
vector spaces rCh : K{Oc) (S)z C ^ H2n-2{Z,C). 

Proof. We first check that rCh is well-defined. So for any short exact sequence Mi M2 M3 
in Oc, we must show that rChM2 = rChMi -I- rChM^. Since every object in Oc has a finite composition 
series, it is enough by Lemma 2.8(c) to prove that dim Char Lc(/x) = n — 1 for all G Irrep(W). But this is 
immediate from Corollary 6.8. 

As K{Oc) ®i C and H2n-2{Z,C) arc vector spaces with bases {[Lc(/i)]} and {[Z^]}, respectively, Corol- 
lary 6.8 also shows that the matrix which represents rCh for these choices of bases is unitriangular when wc 
order by the dominance ordering. As such a matrix is invertible, rCh is an isomorphism. □ 
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6.11. In this subsection we give a refinement of Corollary 6.10 that also justifies the comments made in 
(1.6) from the introduction. 

According to [Gr] and [Na, (9.13)] there is an isomorphism 

^ : 0i72n-2(^(n),C) ^ C[pfe : G N] 

n>0 

between the cohomology of the Lagrangian subvarieties Z{n) C Hilb(n) and the space of symmetric functions. 
Under this identification [Z\] is sent to the monomial symmetric function m\, [Na, Corollary 9.15]. Thus by 
Theorem 6.7 and (3.11) 

(6.11.1) ^(rCh Aeifi)) = K^^xmx = s^, 

A 

the Schur function of fi. 

For generic c, Oc is semisimple and so this gives a natural description of K{Oc) in terms of symmetric 
functions. When Oc is not semisimple this is insufiicient, and this is the case we examine here. By [BEGl, 
Corollary 2.11] and [Du], Oc is not semisimple if and only if c e C, as defined in (3.4). We fix such a 
value of c and we assume that Oc is equivalent to Sq-mod where Sq = Sq{n,n) is the q-Schur algebra and 
q = exp(27ric) is a primitive eth root of unity. As mentioned in the introduction, this is conjectured in 
[GGOR, Remark 5.17] and a proof has recently been announced by Rouquier. 

Under this assumption, and in the notation of [GS, (3.5)], there is an equality of multiplicities 

(6.11.2) [Ac{X) : Lcir)] = [WqiX) : F,(r)]. 

The multiplicities on the right can bo described as follows, whore wo rofor tho roador to [LT] for all definitions 
and notation. Lot J-y bo tho ?;-doformod Fock space representation of C/t,(g[g), a deformation of tho space 
of symmetric functions in an indeterminate v. Tho standard basis {|A)} oi J-y indexed by all partitions 
corresponds to the basis of symmetric functions given by tho Schur fimctions. By [LT, Theorem 4.1], there 
exist upper and lower canonical bases of JF^, written {G(A)} and {G~(A)} respectively. If we write 

G(m) = ^dA^(g)IA) and G-(A) = ^eA^(g)|M), 
A ^l 

then dxfj^iq) G Z[q] and eA^((?) G Z[<?"^]- 

If we consider only partitions of n, then by [LT, Section 4] these bases are related by the matrix equality 

(6.11.3) [eAM(?-')] = [rfAv(9)]"'- 

The confirmation of [LT, Conjecture 5.2] in [VV] shows that dxtij^t{l) = [Wq{X) : Fq(/i)]. Combined with 
(6.11.2) and (6.11.3), this implies that rCh(i:c(A)) = ^"HE^. eA^ll)^^) = ^~'^{G~{X)v=i)- In other words. 

Proposition. Assume that Oc is equivalent to Sq-mod and pick A G lrrep{W). Then the reduced character- 
istic cycle rCh(Lc(A)) is exactly the canonical basis elem,ent ^~^(G~ (A)„=i) in H2n~2{Z,C) corresponding 
to the lower canonical basis element G~ (A) of the ring of symmetric functions from [LT] . 
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Remeirk. Thanks to [VV], the polynomials dxfj,{q) are parabolic Kazhdan-Lusztig polynomials. This hints at 
the possibility that the rational Cherednik algebra connects Macdonald theory with Kazhdan-Lusztig theory 
by providing a bridge between g-Schur algebras and Hilbert schemes. As an example of this, Theorem 6.7 
and (6.11.2) give a number of different positive integral factorisations of the Kostka matrix in terms of 
evaluations of various Kazhdan-Lusztig polynomials. 

6.12. An example. The results of this section are nicely illustrated by the case n = 2 and c= ^. (By Re- 
mark 3.4(1) all the results of this paper do hold in this case.) For these values of n and c, [EG, Proposition 8.2] 
implies that Uc = C{x^ , xy , y"^) = J7(sl2(C))/(0), where fl is the Casimir element. Moreover, M = eAc(triv) 
identifies with the non-simple Verma module over (7(s[2(C))/(ri) while N = eAc(sign) embeds into eAc(triv) 
with factor Lc (triv) = C. 

First consider M and note that M = C[a;^] as a module over C[x'^] = C[f)]^. Give M the induced ord 
filtration A: thus M = A°M. Now, M(l) = eHc+iSe (gi M ^ eAc+i(triv) ^ C[x'^], by [GS, Proposition 3.16]. 
However, the tensor product filtration on M(l) is a little subtle. Indeed, since ^ = a; it is clear that 

A°M(1) D eC[x^]xSe (g) 1 = C[x^]x^, 

but one can check that the first occurrence of 1 in the filtration comes from eySe 1 = — 2e (g) 1. Thus, under 
the tensor product filtration A, one has A^M{1) = C[x'^]x'^ and A^M{1)/K^M{1) ^ C. We leave it to the 
reader to prove, by induction, that 

Lemma. As above, take n = 2, c = ^ and let M = eAdtriv) D N = eAdsign). Pick k > 1. 

(1) The tensor product filtration A on M{k) = Bc+k,c «> M satisfies A°M(fc) = C[x'^]x'^'' and x"^^'"^^ e 
h:'M{k) \ K'-^M{k) forO<i<k. 

(2) grj^M = Di®D2, where Di ^ C[x'^]x'^ ®C[x'^]x'^®- ■ ■ and D2 = C(g)A« A. Consequently, rChM = 
CharM = Vi + V2, where Vi = .^(in) and V2 = is the punctual Hilbert scheme. □ 

Note that part (2) of the lemma is in accordance with Theorem 6.7. We emphasise that V{gvM) has 
two components whereas V{gTN) has just one. In contrast, under the ord filtration M and N both have 
associated graded module isomorphic to C[a;^] and so Charo M = Charo A''. 

6.13. Keep the notation and hypotheses from (6.12). Proposition 5.4 and Theorem 6.7 imply that L = 
eLc{tm) satisfies gr^L = D2 with rChL = while N ~ eA(sign) satisfies gr^^ A^ — Di with rChA^ = 

This also follows from the computations in (6.12). Indeed, give N the filtration induced from that on 
M. Then A^ = C[x^]x^ and N{k) = eAc+fe(sign) = Bc+k,c N = C[x'^]x'^''+'^ . Repeating the argument from 
(6.12) then shows that A^(A;) = A'^N{k) for all k, whence the result. 

6.14. There are a couple of consequences of these computations that are worth noting. First, for a C/c-module 
P, even one in category Oc, it is important to use the tensor product filtration on P, even if the ord filtration 
would appear more natural. For example, suppose that one begins with M = e Ac (triv) as above and gives 
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each M{k) ^ C[x'^] the ord filtration T; thus T^M{k) = M{k) for each k. Then grp M = C[x'^] 8 Cfa;^] • • • . 
But this module has a different characteristic variety to the variety CharM computed in (6.13). This does 
not contradict the earlier results since an easy variant of the proof of Lemma 2.7 can be used to show that 
grp M cannot finitely generated as an A-module. 

Second, recall from (4.3) that the tensor product and ord filtrations on the Bij are equal. The last 
paragraph shows that the analogous result fails for M = eLdtm). 

7. BiMODULES 

7.1. In this short section we show how to extend our results on the characteristic varieties of one-sided 
modules to He- and ?7c-bimodules, and we discuss the resulting characteristic varieties of Harish-Chandra 
bimodules. Since it requires no extra work, we will actually prove these results for ({/^, J7d)-bimodules and 
so we will assume throughout that c,d gC satisfy the hypothesis of (3.4). As usual, analogues of the results 
proved here do hold for more general values of c and d. 

7.2. Let CO be the anti-automorphism of D{t)'^'^^) * W defined by ui{x) = x, u}{y) = —y and u{w) = 'w~^ 
for X G I)*, y G I) and w G W. By [GGOR, (4.2)], w restricts to an involutive anti-automorphism on both 
He and Uc- Let RMS denote the usual external tensor product of two C-algebras R and S. Then we can 
identiiy the category {Uc, J7d)-bimod of finitely generated [Uc, f7d)-bimodules with the category of finitely 
generated left Uc Kl J/d-modules: for any such bimodule M and m G M, we set {pM q) ■ m = pmu){q) for 
p gUc and q G Ud- 

We have a straightforward generalisation of Theorem 1.2. 

Theorem. // c, d satisfy Hypothesis 3.4 there exists a filtered Z-algebra C such that 

(1) [Uc, Ud)-bimod is equivalent to C-qgr; 

(2) grC, the associated graded ring of C, is isomorphic to (the Z-algebra associated with) the homoge- 
neous coordinate ring 0fc>o H° (Hilb(n) x Hilb(n), O w^C ) , where ttj denotes the projection 
map onto the j'*^ component o/Hilb(n) x Hilb(n). 

Proof. As above, we replace {Uc, ?7d)-bimod by Uc Kl Ud-rrtod. By (3.5), the {Uc+i S Ud+i, Uc Kl i7d)-bimodule 
eHc+i6e^eHd+iSe induces a Morita equivalence between Uc^Ud-mod and Uc+i^Ud+i-mod. Hence, defining 
C to be the Morita Z-algebra associated to the data 

{Uc+i ^ Ud+i, eHc+i+i6e Kl eHd+i+i5e ; iGH} 

and applying Lemma 2.2 gives the first part of the theorem. 

In the notation of (3.5.1), C^- = -Bjj(c) M Bij{d) for all i> j >0. If we give C the componentwise tensor 
product filtration, 

F^Cij= ^ ord'' Bij mord^ Bij, 

r-\-s<k 
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then we deduce from [GS, Theorem 6.4(2)] that 

grC= grB.jMgvB.j^ HO(Hilb(n), £'-^) K HO(Hilb(n), C'-^). 

i>j>0 i>j>0 

The right hand side of this equation is the Z-algebra associated to the graded algebra 

0H°(Hilb(n), C'') K H°(Hilb(n), = 0H°(Hilb(n) x Hilb(n), tti*/:*^ ® tt^C''), 

k>0 k>0 

which proves part (2) of the theorem. □ 

7.3. Write {Uc, f7d)-bifilt for the category of {Uc, J7d)-bimodules M with a good filtration A; by definition 
this means that (ord* f/c)(A^M)(ord'^ i/d) C A*+-'+'^M, for all i,j,k and that the associated graded object 
gr^M is finitely generated as an (ogrJ/g, ogr?7d)-bimodule. Under the identification of {Uc,Ud)-h\mod with 
Uc Ud-mod, this category is simply Uc Kl f/d-filt. Thanks to Theorem 7.2, the requirements (l)-(4) of (2.3) 
are fulfilled, and so we have a natural functor 

T' : {Uc, [/d)-bifilt — > Coh(Hilb(n) x Hilb(n)) (M, A) ^ n gr^ M. 

We wish to adjust T' to take account of the twisting by u which occurs when we pass from {Uc, C/d)-bimod 
to Uc Kl Ud-mod. Note first that the ord filtration is preserved by w, so we obtain an induced action of co on 
C[f) ® f)*] C ogrD{i)'^^^) * W given by the formulae in (7.2). Clearly this is also induced by the automorphism 
w of f) ® t)* which is the identity on f) and multiplies f)* by —1. Then w induces automorphisms of Hilb(n) 
and i)(Bi)* /W which we also denote by u). We set 

T = (1 X w*) o T' : {Uc, Ud)-bmt — > Coh(Hilb(n) x Hilb(n)). 

Following the discussion in Section 2, we define the characteristic variety CharM C Hilb(n) x Hilb(n) 
of a finitely generated {Uc, i7d)-bimodule M to be the support variety of T\M, for any good filtration A. 
Similarly, the associated variety Ch&To M C ([)®[)*)/l^x ([)®[)*)/W is the support variety of (lxa;*)(grA M). 

7.4. Harish-Chandra bimodules. Under the canonical cmbcddings of C[()]^ into Uc and Ud any (Uc, Ud)- 
bimodulc M inherits the structure of a C[l)]^-bimodulc. Similarly, M is a C[l)*]'^-bimodulc. Following 
[BEGl, Definition 8.8] a Harish-Chandra (Uc, Ud)-bim,odule can therefore bo defined to be a finitely generated 
{Uc, [/d)-bimodule on which the induced adjoint actions of C[l)]'^ and C[l)*]^ are locally nilpotent. We let 
cTiCd denote the category of Harish-Chandra {Uc, ?7d)-bimodules, a full subcategory of {Uc, Ud)-b\mod. 

Proposition. If M e MCd, then CharM C Hilb(n) x Hilb(n) . 

Remark. The variety Hilb(n) x j^^j,* /^^ Hilb(n) is an analogue of the Steinberg variety T*B T*B which 
features prominently in geometric representation theory. We refer the reader to [BB, Section 3] for results 
on the characteristic varieties of Harish-Chandra bimodules in the Lie-theoretic context. 
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Proof. Set O = (f) ® f)*)/W^ x (f) ® ):)*)/W and let T be a good filtration on M. We claim that the associated 
variety Charo M is contained in the diagonal A of Q.. Given the claim, Proposition 4.8 implies that 



CharM C (r x t)-^ (Charo M) C (t x t)-1(A) = Hilb(n) Xij^ij^/vk Hilb(n), 

where r : Hilb(n) — > f) ® i)*/W is the usual resolution of singularities. Thus the proposition follows. 

Let / = anncp (grp M) and write Graph(a;) = {{z,u){z)) : z G \:) (B ^* /W} C f2. Since the definition of 
Charo in (7.3) has a twist by u>*, the claim is equivalent to the assertion that V(/) C Graph(a)). To prove 
this, note first that, as in [EG, Appendix D], giUc Kl giUa inherits a Poisson structure from multiplication 
in Uc K Ud- For a, b, a', b' e C[i) f)*]^ this is given by 

{a Mb,a'm b'} = {a, a'} K bb' + aa' K {6, b'}, 

where the bracket { , } on C[f) ® i)*]^ is the one arising from multiplication in either ogr Uc or ogr Ud- (These 
two brackets are the same since they are both equal to the one arising from the canonical symplectic structure 

on [)® ro 

Since M is a Harish-Chandra module, pMl — IM lli{p) acts locally nilpotently on M for any clement 
p G C[f)]^ or p e C[f)*]'^. We will write p = a{p) for the principal symbol of p G Uc (or p e Ud)- Since 
grp M is finitely generated, on passing to associated graded modules, it follows that plEll — lKla;(p) e VI 
for all homogeneous elements p G C[f)]^ or p € C[l)*]^. As u is an anti-automorphism of Ud we have 
{uj{p),u!{q)} = oj{q,p} for any homogeneous elements p,q G ogr Uc = ogr Ud and so 

{pmi-im(j(p), qmi-imuj{q)} = {p,q}mi + im{uj{p),(j{q)} = {p,q} M 1 - im uj{{p,q}), 

for any such p, q. By Gabber's intcgrability theorem [Ga, Theorem 1] or [Bj2, Theorem 1.3], {VT, V^} C \/T 
while, by [Wa, Appendix 2], C[t) ® [)*]^ is generated by the homogeneous elements in C[()]^, C[l)*]^ and 
their iterated Poisson brackets. The displayed equation therefore implies that VT contains r H 1 — 1 Kl (^{r) 
for all r E C[l) © f)*]^. In other words, V(/) C Graph((D). This completes the proof of the claim, and hence 
of the proposition. □ 

7.5. The obvious analogue of Proposition 7.4 also holds for the category of Harish-Chandra {Hc,Hd)- 
bimodules. The reason is that, thanks to the natural analogue of [GS, Theorem 3.3], the idempotent functor 
which sends M G {He, i?d)-bimod to eMe G {Uc, f7d)-bimod is an equivalence of categories. 

7.6. Questions. We end this section with several questions and comments about Harish-Chandra modules. 
Let Y be the variety Hilb(n) Xtjc^tj* /w Hilb(n) introduced in Proposition 7.4. It follows from the proof of 

Theorem 4.10 that the resolution of singularities r : Hilb(n) ^ [) © [)* /W is semismall in the sense of [Na, 
Definition 6.7]. Following [Na, Section 6.2] we can make this more precise. First, () © \}* /W is stratified as 
in (6.4) by the locally closed subvarieties S'a = (I) © i)*/W) fl SxC^ for A a partition of n. The resolution 
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r then restricts to a topological fibre bundle r : r ^{S\) — > S\ with fibre equal to the product of punctual 
Hilbert schemes ^(Ai) x • • • x ^(a^), where A = (Ai, . . . , A^) has exactly r nonzero parts. If we set 

Y^ = {(z,z')eY:T{z)^T{z')eS^} 

then Y = Y\ and dim Y\ — (2r — 2) + (n — r) + (n — r) = 2(n — 1) for each A with r nonzero parts. Thus 
Y is pure of dimension 2(n — 1) with irreducible components equal to the closures of the various Yx- 
This raises two questions: 

(1) Does every Harish- Chandra himodule have (restricted) characteristic cycle equal to a weighted sum 
oftheYx? 

(2) If so, what are those weights for important Harish- Chandra bimodules, for example the bimodules 
Bij{c) from (3.5.1)? Further examples of Harish- Chandra bimodules appear in [BEGl, Section 8]. 

7.7. Recall from [CG, Section 2.7] the convolution product on Borel-Moore homology. 
Lemma. Under the convolution product there is an algebra isomorphism 

E : if4(„_i)(r,C) ^ Rep{W) Oz C, 
where Rep{W) is the representation ring ofW. 

Proof. This follows immediately from the formalism of [CG, Section 8.9]. Indeed, let x G S\. Since t~^{x) is 
irreducible, the local system on S\ associated to H2(n-r){'''~^ i^) j C) is trivial. Applying [CG, Corollary 8.9.8 
and Proposition 8.9.9(b)] shows that -f?4(„_i) {Y, C) is a commutative semisimple C-algebra with basis labelled 
by partitions of n. Since Rep(VI^) (g)z C has a non-degenerate associative bilinear form given by the inner 
product on characters is non-degenerate, it is semisimple, and so the lemma follows. □ 

A solution to the next problem would provide a significant refinement of the lemma. 
Problem. Identify the T'^-equivariant Grothendieck group K'^^{Y) under the convolution product. 

7.8. When c = d, write c^Cd = Ti.Cc- It is known that TiCc is monoidal under tensoring over Uc, and that 
HCc is equivalent to CVt^-mod as a monoidal category for c G N, [BEGl, Lemma 8.3 and Theorem 8.5]. It 
acts on Oc by tensoring over He. 

Question. Is there a ring isomorphism G : K{HCc) — > Rep{W) such that 

(1) the following diagram commutes. 

K{HC,) ®z C _£^lL^ (y, Q 

Rep{W) Oz C 

(2) K{Oc) corresponds to the regular representation under the map sending [Ac(A)] to [A]? 
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Implicit in these questions is the assertion that the simple objects of HCc can be labelled by partitions 
of n; once again, this is known only for c e N where it follows from the equivalence of monoidal categories 
HCc — CW-mod. One can ask: Does such an equivalence exists for all c^C. 

If part (1) of the question is true, then Question 7.6(1) would follow for simple and hence all Harish- 
Chandra modules. 

8. A CONZE EMBEDDING 

8.1. Let Q be a minimal primitive ideal in the enveloping algebra U{q) of a semisimple complex Lie algebra 
Q. A classic result of Conze [Co] shows that U{q)/Q embeds in a Weyl algebra Am = -D(C™) in such a way 
that the restriction to U{q)/Q of the canonical Z)(C'")-module is a Verma module. Moreover, Z)(C™) 
is a union of Harish- Chandra bimodules P/ coming from the translation principle [JS, Proposition 5.5]. 

The main result of this section shows that the natural analogue of this result holds for Uc- Indeed, as we 
show, Uc ^ D{i)/W) = \JPi, where the Pj are the natural analogues of the Harish-Chandra bimodules P/: 
they are the duals of the progenerative bimodules Pio(c). In particular, D{\)/W) is a flat left Uc-modxile. As 
might be expected from the earlier sections, this result also corresponds to a basic fact about Hilb(n). In the 
notation of [Hal] we consider the principal afflne cell V = in Hilb(n) corresponding to the partition 

(1"). It follows from [Hal, Corollaries 2.7 and 2.8] that V ^ C^"-'^ is the open set V{S) = Hilb(n) \V(^) 
complementary to the zero set of i5. As we show, ogr D{\)/W) = \JS~^A^ = 0{V). 

8.2. We now turn to the proofs of these assertions. Pick c e C satisfying Hypothesis 3.4. 

For i e N let P/^^ = S~^e-Hc+i+ie and notice that, by (3.5), this is the dual of the progenerative 
(f/c+i+i, f/c+i)-bimodule Pi+i,i(c). Thus, for i> j >0, 

p^=p^^,p]U---pr = {Bij{c)r 

is a progenerative {Uc+j-, J/c+i)-bimodule. By [GS, Lemma 6.11(1)], Bij{c) C Uc+i fl J7c+i+i and so, by 
induction, Uc C p9 c PP^^, for afl i > 1. 

8.3. Lemma. For all £>!, P^ C D{t)/W). 

Proof. Pick i > 0. The algebra Hc+i+i acts naturally on C[f)] (see the proof of [EG, Proposition 4.5]) and 
so P/+1 = S~^e-Hc+i+ie acts naturally on C[f)'^°s]. It is important to notice that (3.3.1) is an equality in 
£)(t)''''s) * W and so the action of Hc+i on C[[)''''^] induced from that of P-_^_i does equal the action coming 
from the inclusion Hc+i '!= D{i}''^'^) * W . 

In fact, the action of P/^.^ on C[f)''°^] restricts to an action on C[()]^ = C[()/VF]. To see this note that, for 
p G Hc+i+i, the element e_pe maps C[[)]^ to e_C[[)] = C[i)f^". Since C[i)f^" = (5C[[)]^, we conclude that 
6~^e-pe maps C[f)]^ to itself. 

It remains to check that elements S^^e-pe E Pl+i are actually differential operators on C[()]^. But if 
q e <C[\)Y^ then [q,5-^e-pe] = S-'^e-[q,p]e. By [BEGl, Lemma 3.3(v)] C[t)]^ acts ad-nilpotently on Hc+i 
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and so q also acts ad-nilpotently on 5 ^e-pe G -Pj+i- By definition, this means that P^^^ C D{i)/W). By 
induction, the same is true for the multiples P- of these spaces. □ 

8.4. We next want to understand |J5~M*. To begin, consider Hilb"C^ and the corresponding union 
[j,d-'A\ where = C[C2"]^, = C[C^'f'^", and A' = (A^)' in the notation of [GS, (4.3)]. We bi- 
grade A'' and hence the A' by the Euler and order gradations; thus C[C^"] = C[ui, . . . , Un, wi, . . . , w„] is 
graded by bideg(wi) = (1,0) while hideg{vj) = (—1, 1), and we have chosen our variables so that W acts by 
permutation of the subscripts. 

In the notation of [Hal, Section 2] we want to consider the affine open cell U = C Hilb"C^. By 

[Hal, Corollary 2.7], 0{U) is generated by elements A^A^i^ where, by [Hal, (2.22) and the paragraph after 
(2.32)], the Ad are a basis of A^ and A(in) = S. Thus 0{U) = \J5-'A' = C[6-'^A^]. Moreover, by [Hal, 
Corollary 2.8], Ou = 0{U) is a polynomial ring R = C[ei, . . . e„, ai, . . . , a„] (where our indexing differs by one 
from Haiman's). By [Hal], the ej's are the elementary symmetric functions in the u/s and so (possibly after 
reordering) bideg(ej) = (j, 0) for each j. Note that ei = ^ttj = z, in the notation of (3.6). The aj are the 
coefficients of the Lagrange interpolation polynomial (paix) — J27=i = J2j Y[k^ji^~''^k)iuj —Uk)~^ ■ 

Since this polynomial is homogeneous as a polynomial in either the v's or u's, with total degrees 1 in the 
v's and in the w's, it follows that bideg(aj) — {—j, 1) for each j. In this case it is not easy to express the 
element z* = J2vi from (3.6) in terms of these variables, but at least bideg(z*) = (—1, 1) = bideg(ai). 

Now consider Hilb(n). By [GS, Lemma 4.9(1)] and the comments of the last paragraph, A° = A°/ (ei, z*). 
Therefore, 

U S-'A' = C[S-'^A^] = C[(5-iAi]/(ei, z*) = R/{ei,z*). 

i 

Since 5* = i?/(ei) is a domain, the clement z* is a regular element in S of the same bidegree as the element 
ai. Thus the factor rings C[(5^^A^] = S/{z*) and S/{ai) have the same bigraded Poincare series. On the 
other hand, the restriction of Ojj to Hilb(n) is clearly just the open subvariety 'D{6) complementary to V(^) 
in Hilb(n). Combining these observations gives: 

Lemma. CIS-'^A'^] = (JJ^M' = 0{V), where V = 'D{S). Also, C[S-^A^] has the same bigraded Poincare 
series as the polynomial ring C[e2, . . . e„, a2, . . . , a„], where bideg{ei) = {i, 0) and bideg{ai) = {—i, 1). □ 

8.5. We can now prove our analogue of the Conze embedding. 

Proposition. Assume that c e C satisfies Hypothesis 3.4- Then D{l)/W) — lJi>o ^i- Moreover, 

ogrD{i,/W) = y ogrP° = C[6-'A'] = 0{V), 
where V = C^""^ is the open affine subvariety 'D{5) o/Hilb(n). 

Proof. By (3.5) the P° are progenerators for Uc- Give P° the induced filtration ord arising from the order 
filtration ord on D(f)'"^s)* W. There is a potential ambiguity, here, since P° can also be given an order filtration 
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induced from the order filtration on D{\)/W). However, thanks to [Le, Lemma 3.2.1 and Proposition 3.5] 
the restriction map D{t)'''^^)^ — > D{t)'^'^^/W) is a filtered isomorphism and so the two filtrations agree. In 
particular, ogrPP C grD{l)/W). 

If j > 0, then [GS, Lemma 6.8] shows that 

ogrP/+i = (5-iogr(e_iJ,+,+ie) = 5-ie_(C[f) 8 i)* * W)e = e{6-^A^), 

where 9 : C[i)'''^ t)*]^ eiC[t)"'& © f)*]^)e is the isomorphism given by e(/) = e/e. Therefore, by 
induction and [GS, Lemma 6.7] 

Qid-'A') = eaS-'Aj) = (ogrpO)(ogrP2')...(ogrP;-') C ogri^^ 

and so, by Lemma 8.3, 

(8.5.1) C[6-^A^] = IJ 5-MMs isomorphic to a subspace of |Jogri^° C ogr£)(f)/W). 

i>0 i>0 

Clearly each P" is graded under the E-grading and so grP" has an induced (E,ord) bigrading, as in 
(8.4). Now C[()]'^ — C[e2, ■ • ■ , e„] is a polynomial ring whose generators have degree and hence E-degree 
E-deg(ei) = i. Since the equation d^iei — eide^ = 1 in D{\)/W) is E- homogeneous, E-deg9ei = ~* for 
each i. Therefore ogr D{\)/W) — C[e2, . . . , e„, ^2, • . . , rfn] is a polynomial ring whose generators satisfy 
bidegCi = (i,0) and bidegd, = (— i, 1). 

By (8.5.1) and Lemma 8.4, C[i5~^A^] is therefore a bigraded algebra with exactly the same bigraded 
Poincare series as that of its overring ogrP'([)/VF). Since the bigraded components of these algebras are 
finite dimensional, they must be equal. In particular, (8.5.1) implies that (J.^QOgrPP = ogr D{\)/W) and 
hence that Ui>o^i° ~ ^{^/^)- Finally, as ogr D{\)/W) is a polynomial ring, this also implies that V = 
Spcc(C[(5-iAi]) is isomorphic to C^"-^. □ 

8.6. Since the P? are projective left C/c-modules we obtain: 

Corollary. Keep the hypotheses and notation of Proposition 8.5. Then D{\:)/W) is aflat left Uc-module. □ 

We remark that D{^/W) will typically not be a flat right module over Uc- Indeed this even fails for n = 2, 
when Uc is a primitive factor ring of U{sl2) (see [JS, (5.7)]). 

Index of Notation 



A\ alternating polynomials, A = A'°S'', 


(3.7) 


Charo, associated varieties. 


(2.6),(7.3) 




(3.9) 


Ch, characteristic cycle. 


(2.7.1) 


B, the tautological rank n bundle. 


(3.7) 


rCh, restricted characteristic cycle. 


(2.8.1) 


B = ®Bij, 


(3.5) 


^ en xn : j < iii+i}, 


(3.10) 


C, the set of singular values for c. 


(3.4) 


^ = rises "s, 


(3.1) 


C, C\, 


(6.4) 


Ac(r), the standard module. 


(5.2) 


Char, characteristic varieties. 


(2.6),(7.3) 


dominance ordering on Irrep(W^), 


(3.10) 
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Euler operator E = ^ XiSi, E-deg, 


(5.8) 


e,e_, trivial and sign idempotents, 


(3.3) 


fake degrees /r, 


(6.2) 


good filtrations, 


(2.4) 


He, the rational Cherednik algebra, f), 1}*, 


(3.1) 


Hilbcrt schemes Hilb°C^ Hilb(n), 


(3.6) 


Ip,, monomial ideal for paxtition /i. 


(3.15.1) 


Irrep(W), the irred. reps, of 


(3.10) 


J"- =C[t)(Bt)'']A\ 


(3.7) 


Kf_ix{t,s), Kostka-Macdonald coefficients. 


(3.11) 


Lc(t), simple Oc-module, 


(5.2) 


£ = A"B = (5mib(n)(l), 


(3.7) 


Oc, category O for i/c, 


(5.2) 


ord,ogr, order filtration and gradation, 


(3.2) 


P — ptOxn, the Procesi bundle. 


(3.7) 




(6.3) 





(4.2) 


Poincarc series p{M,s,t), p{M,v), 


(3.13),(6.2) 


qgr, Qgr, 


(2.1) 


p : X„ -» Hilb"C^ 


(3.7.2) 


cr(m), the principal symbol of m, 


(2.4) 


sign, the sign representation of W, 


(3.1) 


T^-action 


(3.13), (5.7) 


r : Hilb"C^ ^ C'^/W', 


(3.6) 


T : Hilb(n) ^ {) © f)71¥, 


(3.6) 


tot, tgr, total degree filtration/gradation 


(5.9) 


triv, the trivial T4^-representation, 


(3.10) 


Uc = eHcB, the spherical subalgebra. 


(3.3) 


W = &m the symmetric group. 


(3.1) 


Z = Z{n)=a-\t)/W), Zx, 


(6.4) 


Zn = Zf^n-j , the punctual Hilbert scheme. 


(3.12) 
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